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Relatively free nilpotent torsion-free groups and their Lie
algebras∗
C. Kofinas, V. Metaftsis and A.I. Papistas
Abstract
Let K be a field of characteristic zero. For a torsion-free finitely generated nilpotent
group G, we naturally associate four finite dimensional nilpotent Lie algebras over K,
LK(G), grad
(ℓ)(LK(G)), grad
(g)(expLK(G)) and LK(G). Let Tc be a torsion-free va-
riety of nilpotent groups of class at most c. For a positive integer n, with n ≥ 2, let
Fn(Tc) be the relatively free group of rank n in Tc. We prove that LK(Fn(Tc)) is rela-
tively free in some variety of nilpotent Lie algebras, and LK(Fn(Tc)) ∼= LK(Fn(Tc)) ∼=
grad(ℓ)(LK(Fn(Tc))) ∼= grad
(g)(expLK(Fn(Tc))) as Lie algebras in a natural way. Fur-
thermore Fn(Tc) is a Magnus nilpotent group. Let G1 and G2 be torsion-free finitely
generated nilpotent groups which are quasi-isometric. We prove that if G1 and G2 are
relatively free of finite rank, then they are isomorphic. Let L be a relatively free nilpotent
Lie algebra over Q of finite rank freely generated by a set X . Give on L the structure
of a group R, say, by means of the Baker-Campbell-Hausdorff formula, and let H be the
subgroup of R generated by the set X . We show that H is relatively free in some variety
of nilpotent groups; freely generated by the set X , H is Magnus and L ∼= LQ(H) ∼= LQ(H)
as Lie algebras. We extend the isomorphism between LK and LK to relatively free residu-
ally torsion-free nilpotent groups. We also give an example of a finitely generated Magnus
nilpotent group G, not relatively free, such that LQ(G) is not isomorphic to LQ(G) as Lie
algebras.
∗Keywords and phrases: Varieties of groups, relatively free groups, varieties of Lie algebras, relatively free
Lie algebras, Baker-Campbell-Hausdorff formula, Mal’cev completion, quasi-isometry.
1
Contents
1 Introduction and Notation 2
2 Nilpotent groups and Lie algebras 7
3 Groups and Lie algebras 11
3.1 Some auxiliary Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Relatively free groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.3 Relatively free Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.4 Verbal ideals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4 Proofs of Theorems A and B 33
4.1 Proof of Theorem A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Proof of Theorem B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5 An Example 44
References 46
1 Introduction and Notation
Let Z and Q denote the ring of integers and the field of rational numbers, respectively.
Furthermore we write N for the set of positive integers. For a group G and i ∈ N, we write
γi(G) for the i-th term of the lower central series of G. Moreover we denote G
′ = γ2(G) i.e. the
commutator subgroup of G. For elements a, b of G, we write (a, b) = a−1b−1ab, and for c ≥ 3,
and elements a1, . . . , ac of G, we define the left-normed group commutator (a1, . . . , ac−1, ac) =
((a1, . . . , ac−1), ac). We call a group G, a Magnus group if each γi(G)/γi+1(G) is torsion-free
and ∩i≥1γi(G) = {1}. For n ∈ N, with n ≥ 2, let Fn be a free group of rank n freely generated
by the set {f1, . . . , fn}. For a variety of groups G, let G(Fn) denote the verbal subgroup of
Fn corresponding to G. Also, let Fn(G) = Fn/G(Fn): thus Fn(G) is a relatively free group of
rank n in G and it has a free generating set {x1, . . . , xn}, where xi = fiG(Fn), i = 1, . . . , n.
Note that the verbal subgroups of Fn are precisely the fully invariant subgroups of Fn (that
is, the subgroups of Fn which are invariant under all group endomorphisms of Fn). The same
property holds for verbal subgroups and fully invariant subgroups of relatively free groups.
(For further information concerning relatively free groups and varieties of groups see [16].)
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Let Nc be the variety of nilpotent groups of class at most c, and let Tc be a torsion-free
subvariety of class at most c of Nc (that is, its free groups of arbitrary rank are torsion-free).
Let K be a field of characteristic zero. We identify the prime subfield of K with
Q. By “Lie algebra ”(resp. “Lie ring ”) we mean a Lie algebra over K (resp. over Z). For
n ∈ N, with n ≥ 2, let Ln denote a free Lie algebra of rank n freely generated by the set
{ℓ1, . . . , ℓn}. Let B be a variety of Lie algebras and let B(Ln) be the fully invariant ideal
of Ln corresponding to B. Write Ln(V) = Ln/B(Ln): thus Ln(B) is a relatively free Lie
algebra of rank n in B and it has a free generating set {ω1, . . . , ωn}, where ωi = ℓi +B(Ln),
i = 1, . . . , n. As for groups the fully invariant ideals of Ln are precisely the verbal ideals
of Ln. The same property holds for fully invariant ideals and verbal ideals of relatively free
Lie algebras. (For further information concerning relatively free Lie algebras and varieties
of Lie algebras see [1, Corollary 2.5, Chapter 14].) For c ∈ N, with c ≥ 2, we write Mc for
the variety of all Lie algebras defined by the identity [ℓ1, . . . , ℓc+1] = 0: the variety of all Lie
algebras which are nilpotent of class at most c. Any variety of Lie algebras is assumed to be
non-trivial. We write var(X) for the variety generated by a set or a class X of Lie algebras.
(We use similar definition as for groups [16, page 18].)
Let L̂n be the completion of Ln with respect to the lower central series of Ln.
(Recall that L̂n is identified with the complete (unrestricted) direct sum ⊕̂m≥1L
m
n , and it
has a natural Lie algebra structure. Furthermore, Ln is naturally contained in L̂n.) At this
point, we state the Baker-Campbell-Hausdorff formula (or briefly, BCH) (see [10, page 178],
[15, Chapter 5, Theorem 5.19], [3, Chapter 8]). It is
X ◦ Y = X + Y + 12 [X,Y ] +
1
12 [X,Y, Y ]−
1
12 [X,Y,X] + · · · ,
where each term on the right-hand side is a rational multiple of a Lie commutator [Z1, . . . , Zm],
m ∈ N, and each Zi is X or Y and only finitely many terms of each length occur. Note that
the right-hand side of the aforementioned formula is an infinite sum. The formula states that
X ◦ Y belongs to the completion of the free Lie algebra freely generated by the set {X,Y }
with respect to its lower central series.
The BCH formula defines an associative operation in L̂n. For x, y ∈ L̂n the
operation x ◦ y is defined by
x ◦ y = x+ y +
1
2
[x, y] +
1
12
[x, y, x]−
1
12
[x, y, y] + · · ·
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(see, for example, [15, Chapter 5, page 369]). (We remark that if L is a Lie algebra and the
right-hand side of the BCH formula has a meaning for all x, y in L, then L becomes a group
with respect to ◦.) It is easily verified that, for x, y ∈ L̂n,
(x, y) = [x, y] +
1
2
[x, y, x] +
1
2
[x, y, y] + · · · .
Let L be a relatively free Lie algebra of rank n, with n ≥ 2, freely generated by the set
{t1, . . . , tn}, and let L̂ be the completion of L with respect to the lower central series. Write
π∗n for the natural epimorphism from L̂n onto L̂. Then π
∗
n preserves multiplication ◦ and
hence is a group homomorphism from (L̂n, ◦) into (L̂, ◦). Thus, for i, j ∈ {1, . . . , n}, we have
π∗n(ℓi ◦ ℓj) = ti ◦ tj = ti + tj +
1
2
[ti, tj ] +
1
12
[ti, tj , ti]−
1
12
[ti, tj , tj] + · · · .
Notice that if L is nilpotent, then L̂ = L.
In section 2, for a torsion-free finitely generated nilpotent group G, we natu-
rally associate four finitely generated nilpotent Lie algebras, namely, LK(G), grad
(ℓ)(LK(G)),
grad(g)(expLK(G)) and LK(G). One of our main aims, in this paper, is to prove the following
theorem.
Theorem A (I). Let Tc be a torsion-free variety of nilpotent groups of class at most c. For
a positive integer n, with n ≥ 2, let Fn(Tc) be the relatively free group of rank n in
Tc. Then the Lie algebra LK(Fn(Tc)) is relatively free in some variety of nilpotent Lie
algebras, and LK(Fn(Tc)) ∼= LK(Fn(Tc)) as Lie algebras in a natural way. Moreover,
Fn(Tc) is a Magnus nilpotent group.
(II). Let L be a relatively free nilpotent Lie algebra over Q of finite rank with a free generating
set X . Give on L the structure of a group R by means of the Baker-Campbell-Hausdorff
formula. Let H be the subgroup of R generated by the set X . Then H is relatively free
in some variety of nilpotent groups; freely generated by the set X , H is Magnus and
L ∼= LQ(H) ∼= LQ(H) as Lie algebras in a natural way.
In [12], Kofinas and Papistas develop a method, by making use of Theorem A
(II), in order to study the automorphism group of a relatively free nilpotent Lie algebra over
Q of finite rank.
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Corollary 1.1 Let G be a torsion-free finitely generated nilpotent group and K a field of
characteristic zero. Then
(I). grad(ℓ)(LK(G)) ∼= grad
(g)(expLK(G)) ∼= LK(G) as Lie algebras.
(II). If G is relatively free, then
LK(G) ∼= grad
(ℓ)(LK(G))
as Lie algebras.
Now let (X1, d1) and (X2, d2) be metric spaces. A map f : X1 → X2 is called
(λ, ε)-quasi-isometry if there exist constants λ ≥ 1, ε ≥ 0 and C ≥ 0 such that
(I).
1
λ
d1(x, y)− ε ≤ d2(f(x), f(y)) ≤ λd1(x, y) + ε
for all x, y ∈ X1;
(II). every point of X2 lies in the C-neighbourhood of the image of f .
Notice that the above map f need not be continuous. Every finitely generated group G with
generating set S can be turned into a metric space with the word metric in G. If F (S) is
the free group with generating set S and φ : F (S) → G is the natural projection, then the
word metric in G is the metric obtained by defining dS(g1, g2) to be the shortest word in the
pre-image of g−11 g2 under φ. For more on quasi-isometries the reader could consult [5]. The
metric space (G, dS) does not depend on the choice of S. In fact if S
′ is a different generating
set for G then (G, dS) and (G, dS′) are quasi-isometric.
Corollary 1.2 Let G1 and G2 be torsion-free finitely generated nilpotent groups which are
quasi-isometric. If G1 and G2 are relatively free of finite rank, then they are isomorphic.
Obviously, Corollary 1.2 implies that the simply connected nilpotent Lie groups L1 and L2
given by the Mal’cev completion of G1 and G2 respectively, are isomorphic. It is a well know
conjecture whether the same result is true if we drop the relative freeness assumption (see
[14, 7]).
Throughout this paper, we write L for a residually torsion-free nilpotent variety
of groups (that is, a variety with its free groups of arbitrary rank to be residually torsion-free
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nilpotent groups). Recall that a group G is called residually torsion-free nilpotent if for any
g ∈ G \ {1} there exists a normal subgroup Ng such that g /∈ Ng and G/Ng is a torsion-free
nilpotent group. For a positive integer n, with n ≥ 2, we write Gn = Fn(L). In section 3.3,
for Gn, we naturally associate two finitely generated Lie algebras, LK(Gn) and LK(Gn). The
following result extends Theorem A to residually torsion-free nilpotent groups.
Theorem B (I). Let L be a residually torsion-free nilpotent variety of groups. For a positive
integer n, with n ≥ 2, let Gn be a relatively free group of rank n in L. Then the Lie
algebra LK(Gn) is relatively free, and LK(Gn) ∼= LK(Gn) as Lie algebras in a natural
way.
(II). Let L be a relatively free Lie algebra over Q of rank n, with n ≥ 2, freely generated by
the set X . Let L̂ be the completion of L with respect to the lower central series. Give on
L̂ the structure of a group R̂ via the Baker-Campbell-Hausdorff formula, and consider
L as a Lie subalgebra of L̂. Let H be the subgroup of R̂ generated by the set X . Then
H is a relatively free residually torsion-free nilpotent group of rank n freely generated
by the set X . A Lie algebra ΛQ(H) over Q, associated with H, is constructed such that
L ∼= ΛQ(H) as Lie algebras in a natural way. Furthermore, ΛQ(H) is a homomorphic
image of LQ(H).
Notice that there is some overlap of Theorem B with some results in [3]. Namely,
the Lie algebra LK(Gn) is proved to be relatively free [3, Theorem 10, page 278], and H
to be a relatively free residually torsion-free nilpotent group of rank n [3, Theorem 8, pages
276-277. See, also, Comments on pages 296-297].
The paper is organized as follows: In section 2, for any torsion-free finitely gen-
erated nilpotent group G, four finitely generated nilpotent Lie algebras are naturally defined,
and for a finitely generated nilpotent Lie algebra, we naturally associate a torsion-free finitely
generated nilpotent group by means of the Baker-Campbell-Hausdorff formula. Some aux-
iliary lemmas are proved in section 3. Moreover, relatively free groups and relatively Lie
algebras are studied. In section 4, we prove Theorems A and B, and Corollaries 1.1 and 1.2.
An example of a finitely generated Magnus nilpotent group G, not relatively free, such that
LQ(G) ≇ LQ(G) is given in section 5.
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2 Nilpotent groups and Lie algebras
Let H be a nilpotent group and denote by τ(H) the set of all elements of finite order in H.
Then τ(H) is a subgroup of H, it is characteristic in H, and H/τ(H) is torsion-free. For a
group N and a positive integer i, let πi be the natural mapping from N onto N/γi(N). Since
N/γi(N) is nilpotent, τ(N/γi(N)) is a group. Write τi(N) for the complete inverse image of
τ(N/γi(N)) in N via πi i.e. τi(N) = {g ∈ N : g
n ∈ γi(N) for some integer n}. We call τi(N)
the isolator of γi(N) in N . Note that τi(N)/γi(N) = τ(N/γi(N)) for all i.
Let L be a residually torsion-free nilpotent variety of groups. For a positive
integer n, with n ≥ 2, we write Gn = Fn(L). The condition of being residually torsion-free
nilpotent is equivalent to ∩i≥1τi(Gn) = {1}. Since each τi(Gn) is a fully invariant subgroup of
Gn, it is easily verified that there are no repetitions of terms of the series {τi(Gn)}i≥1. Notice
that (τi(Gn), τj(Gn)) ≤ τi+j(G) for all i, j. For each positive integer i, we write Li(Gn)
for the quotient group τi(Gn)/τi+1(Gn). Form the (restricted) direct sum of abelian groups
L(Gn) = ⊕i≥1Li(Gn) and give on it a structure of a Lie ring by defining a Lie multiplication
[aτi+1(Gn), bτj+1(Gn)] = (a, b)τi+j+1(Gn), where aτi+1(Gn) and bτj+1(Gn) are the images
of the elements a ∈ τi(Gn) and b ∈ τj(Gn) in the quotient groups Li(Gn) and Lj(Gn),
respectively, and (a, b)τi+j+1(Gn) is the image of the group commutator (a, b) in the quotient
group Li+j(Gn). Multiplication is then extended to L(Gn) by linearity. Form the tensor
product of K with L(Gn) over Z and write LK(Gn) = K ⊗Z L(Gn). Then LK(Gn) has the
structure of a Lie algebra with λ(λ′ ⊗ a) = λλ′ ⊗ a and [λ ⊗ a, λ′ ⊗ a′] = λλ′ ⊗ [a, a′] for
all λ, λ′ ∈ K and a, a′ ∈ L(Gn). Since each Li(Gn) is a free Z-module with a basis, say Xi,
every element of K⊗ZLi(Gn) may be written uniquely as a K-linear combination of elements
1⊗x with x ∈ Xi. We write Li,K(Gn) for the vector space over K spanned by any Z-basis of
Li(Gn). Thus we may regard Li(Gn) as a subset of Li,K(Gn) and so, we regard L(Gn) as a
subset of LK(Gn). Furthermore LK(Gn) = ⊕i≥1Li,K(Gn).
For the rest of this section, G denotes a torsion-free finitely generated nilpotent
group of class c. The series
G = τ1(G) ⊃ τ2(G) ⊃ · · · ⊃ τc(G) ⊃ τc+1(G) = {1} (1)
is a characteristic central series of G with τi(G)/τi+1(G) torsion-free for all i, 1 ≤ i ≤ c
(see [18, page 49]). Form the direct sum of abelian groups L(G) = ⊕ct=1τt(G)/τt+1(G) and
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let LK(G) = ⊕
c
t=1(K ⊗ τt(G)/τt+1(G)). As before, we give on LK(G) the structure of a
Lie algebra. Let ni denote the rank of the free abelian group Li(G). For i = 1, . . . , c, let
f(i) = n1+ · · ·+ni−1, with n0 = 0 and n1 = n. Let Xi = {af(i)+1, . . . , af(i+1)} be a subset of
τi(G) such that the set {af(i)+1τi+1(G), . . . , af(i+1)τi+1(G)} is a Z-basis of Li(G). We refine
the series (1) of G to obtain a central series
G = G1 ⊃ · · · ⊃ Gf(i)+1 ⊃ · · · ⊃ Gf(i+1) ⊃ · · · ⊃ Gf(c+1) ⊃ Gf(c+1)+1 = {1}, (2)
with i = 1, . . . , c, such that af(i)+j is a representative in G of a generating element of Gf(i)+j
modulo Gf(i)+j+1, with j = 1, . . . , ni. (The length f(c+1) is an invariant for G. It is called the
Hirsch number of G; denoted by H(G).) Following [11], we call the aforementioned central
series of G, a G-series of G. (In [11] it is called F-series.) Thus every element g of G may be
written uniquely in the form
g = aβ11 · · · a
βn1
n1 · · · a
βf(i)+1
f(i)+1 · · · a
βf(i+1)
f(i+1) · · · a
βf(c)+1
f(c)+1 · · · a
βf(c+1)
f(c+1) , (3)
where βj ∈ Z. In what follows we assume that the aforementioned series (2) and the elements
a1, . . . , af(c+1) in (3) have been selected. The set {a1, . . . , af(c+1)} is called a canonical basis
(or, Mal’cev basis) of G.
Let Γ = KG be the group algebra of G over K, and let ∆ be the augmentation
ideal of Γ. It has been proved in [11, Theorem 4.3] that ∩i≥1∆
i = {0}. Take the set
{∆i}i≥1 as a fundamental system of neighbourhoods of the element 0 in Γ; then a sequence
b1, b2, . . . , bn, . . . of elements of Γ converges to b ∈ Γ if, for every i, there exists an integer n(i)
such that n > n(i) implies that bn − b ∈ ∆
i. So {∆i} induce a topology on Γ and let Γ∗ be
the completion of Γ in this topology, and ∆∗ be the completion of ∆. We may consider Γ∗ to
be the algebra of all formal power series a∗ of the form a∗ = α0+
∑
αkdk, where α0, αk ∈ K,
k = 1, 2, . . ., and dk ∈ ∆
k, while ∆∗ consists of all elements a∗ with α0 = 0. We identify Γ
with its isomorphic image in Γ∗. Define exp : ∆∗ −→ 1 + ∆∗ and log : 1 + ∆∗ −→ ∆∗ as in
[11].
We associate with ∆∗ the Lie algebra Λ∗ = (∆∗)L in the usual way by defining the
binary operation of commutation in Λ∗ by means of [x∗, y∗] = x∗y∗− y∗x∗ for all x∗, y∗ ∈ ∆∗.
For a positive integer c, with c ≥ 3, we define the left normed Lie product [y∗1 , . . . , y
∗
c−1, y
∗
c ] =
[[y∗1 , . . . , y
∗
c−1], y
∗
c ]. It is proved in [11] that ∩i≥1(∆
∗)i = {0}. Furthermore it is easily verified
that if Θ∗ is an ideal of ∆∗, andM∗ = (Θ∗)L, then M
∗ is an ideal of the Lie algebra Λ∗. Thus
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we have Λ∗ = (∆∗)L ⊃ (∆
∗)2L ⊃ · · · . For a positive integer i, let γi(Λ
∗) denote the i-th term
of the lower central series of Λ∗. Then, for all i, γi(Λ
∗) ⊆ (∆∗)iL. Therefore ∩i≥1γi(Λ
∗) = {0}
and we obtain Λ∗ = γ1(Λ
∗) ⊃ γ2(Λ
∗) ⊃ · · · ⊃ γi(Λ
∗) ⊃ · · · . If vk ∈ γk(Λ
∗) for k = 1, 2, . . .,
then the infinite series v1 + v2 + · · ·+ vk + · · · is an element of Λ
∗ (see [11, Lemma 6.1]).
The BCH formula reveals the intimate connection between the group 1+∆∗ and
the Lie algebra Λ∗. For X = 1 + x∗ and Y = 1 + y∗ ∈ 1 + ∆∗,
logXY = logX + log Y +
1
2
[logX, log Y ] +
1
12
[logX, log Y, log Y ]− · · ·
where each term on the right-hand side is a rational multiple of a Lie commutator [Z1, . . . , Zm],
m ∈ N, and each Zi is logX or log Y and only finitely many terms of each length occur.
Note that the right-hand side of the aforementioned formula is an infinite sum and therefore
convergent. Since log and exp are mutually inverse bijections, we define an operation on
Λ∗ = (∆∗)L as follows: Let u, v ∈ Λ
∗. Then there exists unique X and Y in 1+∆∗ such that
logX = u and log Y = v. Define
u ◦G v = logX ◦G log Y
= logXY
= u+ v + 12 [u, v] +
1
12 [u, v, v] − · · · .
Notice that (Λ∗, ◦G) is a group. We write ◦ instead of ◦G if it is clear in the context. Let
LK(G) be the vector space over K spanned by all log g with g ∈ G. Then LK(G) is a nilpotent
Lie subalgebra of class c of Λ∗, and the set {log a1, . . . , log af(c+1)} is a K-basis of LK(G) (see
[11, Theorem 7.3]). Thus dimLK(G) = H(G). Notice that LK(G) = K ⊗Q LQ(G). Observe
that expLK(G) is a subgroup of 1+∆
∗ and (exp u)(exp v) = exp(u ◦ v) for all u, v ∈ LK(G).
Furthermore (LK(G), ◦) is a subgroup of (Λ
∗, ◦). It is easily verified that LK(G) is isomorphic
as group to expLK(G) by a mapping sending u to expu for all u ∈ LK(G). Form the direct
sum of the vector spaces over K
grad(ℓ)(LK(G)) = ⊕
c
t=1γt(LK(G))/γt+1(LK(G)).
The Lie multiplication in LK(G) induces a Lie algebra structure on grad
(ℓ)(LK(G)). Namely,
for all i, j,
[u+ γi+1(LK(G)), v + γj+1(LK(G))] = [u, v] + γi+j+1(LK(G)),
where u ∈ γi(LK(G)), v ∈ γj(LK(G)) and [u, v] ∈ γi+j(LK(G)). Multiplication is then
extended to grad(ℓ)(LK(G)) by linearity.
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Let G be a torsion-free finitely generated nilpotent group. A Mal’cev completion
of G is a torsion-free radicable nilpotent group R containing G and such that for all a ∈ R,
there exists r ∈ N such that ar ∈ G. (A group G is said to be radicable if for every x in G and
an arbitrary natural number m, there exists y in G such that ym = x. If G is a torsion-free
nilpotent group, x, y ∈ G, and xm = ym for some m ∈ N, then x = y (see [13, page 247].)
If G is a subgroup of a torsion-free radicable nilpotent group S, then S contains a Mal’cev
completion of G. Any two Mal’cev completions of G are isomorphic by an isomorphism which
fixes G pointwise (that is, R is unique up to isomorphism). We note that expLQ(G) is a
Mal’cev completion of G (see [4, 18]).
Let L be a finitely generated nilpotent Lie algebra over Q and let L′ denote the
derived algebra of L. Let n = dimL/L′, and let h1, . . . , hn be elements of L such that the
set {h1 + L
′, . . . , hn + L
′} is a Q-basis of L/L′. We assert that L is generated by the set
{h1, . . . , hn} as Lie algebra. Indeed, let {y1, . . . , ym} be a generating set of L and m be the
smallest number of generators. It is easily shown that m = n. Thus {y1 + L
′, . . . , yn + L
′} is
a Q-basis of L/L′. Let A be the Lie subalgebra of L generated by the set {h1, . . . , hn}. To
show that A = L it is enough to prove that L ⊆ A. For j = 1, . . . , n,
yj =
n∑
i=1
αijhi + vj ,
where αij ∈ Q, vj ∈ L′. Since L is nilpotent, we can finally express each Lie commutator
[yi1 , . . . , yiκ ], κ ∈ N, as a Q-linear combination of Lie commutators [hj1 , . . . , hjℓ ], ℓ ∈ Q.
Therefore L ⊆ A and so, L = A. Hence L is generated by the set {h1, . . . , hn}. We give
on L, by means of BCH formula, the structure of a group, denoted by R. It is well known
that R is a torsion-free radicable nilpotent group. Let H be the subgroup of R generated by
the set {h1, . . . , hn}. Then R is a Mal’cev completion of H, and H
′ = τ2(H) (see [6, Proof
of Theorem B, page 457]). Since both expLQ(H) and R are Mal’cev completions of H, we
obtain R ∼= expLQ(H) as groups (see, for example, [18, Chapter 6, Corollary 4]) and so, by
the Mal’cev correspondence, L ∼= LQ(H) as Lie algebras by an isomorphism sending hi to
log hi, with i = 1, . . . , n. We state the above observations as lemma.
Lemma 2.1 Let L be a finitely generated nilpotent Lie algebra over Q, and let h1, . . . , hn be
elements of L such that the set {h1+L
′, . . . , hn+L
′} is a Q-basis of L/L′. Then L is generated
by the set {h1, . . . , hn}. Consider L as a group by means of the Baker-Campbell-Hausdorff
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formula, denoted by R. Let H be the subgroup of R generated by the set {h1, . . . , hn}. Then
R is a Mal’cev completion of H, H is torsion-free finitely generated nilpotent group of class
c, H ′ = τ2(H), and L ∼= LQ(H) as Lie algebras. 
3 Groups and Lie algebras
3.1 Some auxiliary Lemmas
Throughout this section we shall give some auxiliary results helping us to prove our main
results. Let L be a Lie algebra. For a positive integer i, let γi(L) be the i-th term of the lower
central series of L. Write L′ = γ2(L). The following result is well-known (and it is easily
proved).
Lemma 3.1 Let G be a torsion-free finitely generated nilpotent group. Then
γi(G)τi+1(G)/τi+1(G) has finite index in τi(G)/τi+1(G). 
For a proof of the following result, we refer the reader to [9, Chapter VIII, Lemma
9.4, page 330].
Lemma 3.2 Suppose that G is a group and that L is a Lie ring. Suppose that for i ≥ 1,
σi is a homomorphism of γi(G)/γi+1(G) onto an additive subgroup Li of L such that L =
L1 + L2 + · · · . Suppose further that if x ∈ γi(G), y ∈ γj(G),
[σi(xγi+1(G)), σj(yγj+1(G))] = σi+j((x, y)γi+j+1(G)),
where (x, y) = x−1y−1xy.
i) If G is generated by a set X, L is the Lie ring generated by the set
Y = {σ1(xγ2(G)) : x ∈ X}.
ii) For r = 1, 2, . . ., γr(L) = Lr + Lr+1 + · · · , and γr(L)/γr+1(L) is isomorphic
to Lr/(Lr ∩ γr+1(L)). 
Let G be a torsion-free finitely generated nilpotent group of class c. Let a1, . . . , an
be elements of G such that {a1τ2(G), . . . , anτ2(G)} is a Z-basis of G/τ2(G). Since
(G/G′)/(τ2(G)/G
′) is naturally isomorphic to G/τ2(G), and G/τ2(G) is a free Z-module
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of rank n, there are elements v1, . . . , vn ∈ τ2(G) such that the set {a1v1G
′, . . . , anvnG
′}
is a part of a generating set of G/G′. Let yn+1, . . . , ym be elements of τ2(G) subject to
{a1v1G
′, . . . , anvnG
′, yn+1G
′, . . . , ymG
′} is a generating set of G/G′. Set Y = {a1v1, . . . , anvn,
yn+1, . . . , ym}. Since G/G
′ is finitely generated, we obtain γi(G)/γi+1(G) is finitely generated
for all i. In fact, the set of all group commutators of the form (u1, . . . , ui), with u1, . . . , ui ∈
Y , modulo γi+1(G), generates γi(G)/γi+1(G). It is easily verified that (z1, . . . , zi−1) ∈
τi(G), with i ≥ 2, if some zj ∈ {yn+1, . . . , ym} with j = 1, . . . , i − 1. Thus the set Zi =
{(z1, . . . , zi)τi+1(G) : z1, . . . , zi ∈ {a1, . . . , an}} generates γi(G)τi+1(G)/τi+1(G). Write
L(S)(G) = ⊕1≤i≤cL
(S)
i (G), with L
(S)
i (G) = γi(G)τi+1(G)/τi+1(G). It is easily checked that
L(S)(G) is a Lie subring of L(G). For each positive integer i, let πi be the natural mapping
from γi(G)/γi+1(G) onto L
(S)
i (G). Since, for x ∈ γi(G) and y ∈ γj(G),
[πi(xγi+1(G)), πj(yγj+1(G))] = πi+j((x, y)γi+j+1(G)),
we obtain from Lemma 3.2 that L(S)(G) is the Lie ring generated by the set {a1τ2(G), . . . ,
anτ2(G)}. Since L
(S)
i (G) is free abelian, we obtain K ⊗L
(S)
i (G) is a finite-dimensional vector
space over K. Since the set of all elements of the form 1⊗ z, with z ∈ Zi, spans K⊗L
(S)
i (G),
we get there exists a subset Xi of Zi such that the set of all elements of the form 1⊗ x, with
x ∈ Xi, is a K-basis of K⊗L
(S)
i (G). Since L
(S)
i (G) has finite index in τi(G)/τi+1(G) (Lemma
3.1), and τi(G)/τi+1(G) is free abelian, we obtain K ⊗ L
(S)
i (G) = Li,K(G). Hence it is easy
to verify the following result.
Lemma 3.3 Let G be a torsion-free finitely generated nilpotent group, and let a1, . . . , an be
elements of G such that {a1τ2(G), . . . , anτ2(G)} is a Z-basis of G/τ2(G). Then {a1τ2(G), . . . ,
anτ2(G)} is a generating set of LK(G), and {(a1τ2(G)) + LK(G)
′, . . . , (anτ2(G)) + LK(G)
′}
is a K-basis for LK(G)/LK(G)
′. 
The following result gives a generating set of LK(G) as Lie algebra with respect
to a given Z-basis of G/τ2(G).
Lemma 3.4 Let G be a torsion-free finitely generated nilpotent group, and let a1, . . . , an be
elements of G such that {a1τ2(G), . . . , anτ2(G)} is a Z-basis of G/τ2(G). Then {log a1, . . . ,
log an} generates LK(G) as Lie algebra.
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Proof. Let a1, . . . , an be elements of G such that {a1τ2(G), . . . , anτ2(G)} is a Z-basis of
G/τ2(G). Choose a canonical basis {a1, . . . , an, . . . , af(c+1)} of G where c is the nilpotency
class of G. Let A be the Lie subalgebra of LK(G) generated by the set {log a1, . . . , log an}.
We claim that A = LK(G). It is enough to show that LK(G) ⊆ A. In fact it is enough to show
that log g ∈ A for all g ∈ G. Since A is a Lie algebra and {log a1, . . . , log af(c+1)}, is a K-basis
of LK(G) (as vector space), it is enough to show that log g ∈ A for all g ∈ {a1, . . . , af(c+1)}.
Let yn+1, . . . ym be elements of τ2(G) subject to {a1v1G
′, . . . , anvnG
′, yn+1G
′, . . . , ymG
′}, with
v1, . . . , vn ∈ τ2(G), is a generating set for G/G
′. The set {(z1, . . . , zi)τi+1(G) : z1, . . . , zi ∈
{a1, . . . , an}} generates γi(G)τi+1(G)/τi+1(G). Since γi(G)τi+1(G)/τi+1(G) has finite index
in τi(G)/τi+1(G) (by Lemma 3.1), we obtain a
mij
f(i)+j = gijui+1,j for some mij ∈ Z, gij is
a product of group commutators of the form (z1, . . . , zi) and z1, . . . , zi ∈ {a1, . . . , an}, and
ui+1,j ∈ τi+1(G) j = 1, . . . , ni. For i = c, we have
a
mij
f(c)+j = gcj (4)
for j = 1, . . . , nc. By the BCH formula, we have log g ∈ A for all g ∈ γc(G). Applying the BCH
formula on (4) and since log gcj ∈ A, we obtain log af(c)+1, . . . , log af(c+1) ∈ A, and hence
log g ∈ A for all g ∈ τc(G). Suppose that for all κ, with i < κ ≤ c, log af(κ)+1, . . . , log af(c+1) ∈
A. Let h ∈ τk(G). Since G is nilpotent and ∩j≥1τj(G) = {1}, we write h = gκgκ+1 · · · gc with
gj ∈ τj(G) \ τj+1(G) and j = κ, . . . , c. Note that
h = a
βf(κ)+1
f(κ)+1 · · · a
βf(κ+1)
f(κ+1) · · · a
βf(c)+1
f(c)+1 · · · a
βf(c+1)
f(c+1) . (5)
Applying the BCH formula on (5), our hypothesis and since A is a Lie algebra, we have
log h ∈ A for all h ∈ τκ(G). In particular, for κ = i+ 1,
log h ∈ A for all h ∈ τi+1(G). (6)
For z1, . . . , zi ∈ {a1, . . . , an}, the BCH formula gives
log(z1, . . . , zi) = [log z1, . . . , log zi] +
∑
µ
rµdµ (7)
where each dµ is a repeated Lie commutator of length at least i + 1 in the arguments
log z1, . . . , log zi each of which appears at least once; and the coefficients rµ ∈ Q (see [18,
Corollary 2, page 102]. The arguments given in the proof of Corollary 2 can be adopted here.)
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Once more, applying the BCH formula on a product of group commutators of length i, using
the equation (7) and the fact that A is a Lie algebra generated by the set {log a1, . . . , log an},
we obtain
log(
∏
finite
(z1, . . . , zi)
ν) ∈ A, (8)
where ν ∈ Z. But amijf(i)+j = giju(i+1)j for somemij ∈ Z, gij is a product of group commutators
of the form (z1, . . . , zi), with z1, . . . , zi ∈ {a1, . . . , an}, and u(i+1)j ∈ τi+1(G) j = 1, . . . , ni.
Apply the BCH formula on a
mij
f(i)+j = giju(i+1)j . By the equations (7) and (8) and since A is a
Lie algebra, we obtain log af(i)+1, . . . , log af(i+1) ∈ A. Thus LK(G) ⊆ A and so LK(G) = A.

From the proof of Lemma 3.4, we obtain the following result.
Corollary 3.1 Let G be a torsion-free finitely generated nilpotent group of class c, and let
a1, . . . , an be elements of G such that {a1τ2(G), . . . , anτ2(G)} is a Z-basis of G/τ2(G). Let
{a1, a2, . . . , af(c+1)} be a canonical basis of G. Then for j ≥ f(t) + 1, with t ≥ 2, log aj ∈
γt(LK(G)). 
Lemma 3.5 Let G be a torsion-free finitely generated nilpotent group of class c. For a
positive integer t, with 2 ≤ t ≤ c, let τt(G) be the isolator of γt(G) in G. Let πt be the
natural mapping from G onto G/τt(G). Then there exists a Lie algebra epimorphism ξπt
from LK(G) onto LK(G/τt(G)) such that, for all g ∈ G, ξπt(log g) = log πt(g). Furthermore
kerξπt = LK(τt(G)).
Proof. For H ∈ {G,G/τt(G)}, we write ΓH = KH for the group algebra of H over K, and ∆H
for the augmentation ideal of ΓH . Notice that H is a torsion-free finitely generated nilpotent
group. Let Γ∗H be the algebra of all formal power series a
∗ of the form a∗ = α0 +
∑
αkdk,
where α0, αk ∈ K, k = 1, 2, . . . , and dk ∈ ∆
k
H . In addition, we write ∆
∗
H for the subalgebra
of Γ∗H consisting of all elements a
∗ with α0 = 0. We associate with ∆
∗
H the Lie algebra
Λ∗H = (∆
∗
H)L. Let h ∈ H. The natural mapping πt induces an algebra epimorphism π
∗
t,K
from ∆∗G onto ∆
∗
G/τt(G)
such that π∗t,K(log g) = log πt(g) for all g ∈ G. It is easily checked
that π∗t,K induces a Lie algebra epimorphism from Λ
∗
G onto Λ
∗
G/τt(G)
. Hence we obtain a Lie
algebra epimorphism ξπt from LK(G) onto LK(G/τt(G)) such that ξπt(log g) = log πt(g) for
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all g ∈ G. But
dimkerξπt = dimLK(G)− dimLK(G/τt(G))
= H(G)−H(G/τt(G))
= H(τt(G))
= dimLK(τt(G)).
Let v ∈ LK(τt(G)). Then v = k1 log v1+ · · ·+ks log vs with v1, . . . , vs ∈ τt(G) and k1, . . . , ks ∈
K. Since ξπt(v) = k1 log πt(v1) + · · · + ks log πt(vs) = 0, we obtain v ∈ kerξπt. Therefore
LK(τt(G)) ⊆ kerξπt and so, kerξπt = LK(τt(G)). 
The following result gives us information about the terms of the lower central
series of LK(G).
Lemma 3.6 Let G be a torsion-free finitely generated nilpotent group of class c. Then
γt(LK(G)) = LK(τt(G)) for all t, with t = 1, . . . , c.
Proof. Since LK(τt(G)) has a K-basis the set {log af(t)+1, . . . , log af(c+1)}, and by Corollary
3.1, it is enough to show that γt(LK(G)) ⊆ LK(τt(G)). By Lemma 3.5, kerξπt = LK(τt(G))
and so, it is enough to show that γt(LK(G)) ⊆ kerξπt. Let v ∈ γt(LK(G)). By Lemma 3.4, v
is written as a K-linear combination of Lie commutators of the form [log ai1 , . . . , log aiκ ] with
t ≤ κ ≤ c. The BCH formula gives
[log ai1 , . . . , log aiκ ] = log(ai1 , . . . , aiκ) +
∑
i
si log vi, (9)
where each vi is a left normed group commutator of length at least κ + 1 in the arguments
ai1 , . . . , aiκ , each of which appears at least once; and the coefficients belong to Q. Applying ξπt
to the equation (9), we get [log ai1 , . . . , log aiκ ] ∈ kerξπt = LK(τt(G)). Therefore γt(LK(G)) ⊆
kerξπt and so, γt(LK(G)) = LK(τt(G)). 
The following result is probably well-known.
Lemma 3.7 For any torsion-free finitely generated nilpotent group G of class c, grad(ℓ)(LK(G))
is isomorphic to LK(G) as Lie algebras under the mapping φ sending log af(i)+j+γi+1(LK(G))
to af(i)+jτi+1(G) for all i = 1, . . . , c, j = 1, . . . , ni.
Proof. By the proof of Lemma 3.6, the set {log af(t)+1, . . . , log af(c+1)} is a K-basis of
γt(LK(G)) = LK(τt(G)). Notice that
γt(LK(G)) = span{log af(t)+1, . . . , log af(t+1)} ⊕ γt+1(LK(G)).
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Since
γt(LK(G))/γt+1(LK(G)) ∼= K ⊗ τt(G)/τt+1(G)
as vector spaces for t = 1, . . . , c, we obtain the mapping φ from grad(ℓ)(LK(G)) to LK(G)
sending log af(i)+j + γi+1(LK(G)) to af(i)+jτi+1(G) for all i = 1, . . . , c, j = 1, . . . , ni, is a
K-linear isomorphism. By the BCH formula, we obtain
φ([log af(i)+µ + γi+1(LK(G)), log af(j)+ν + γj+1(LK(G))]) =
φ([log af(i)+µ, log af(j)+ν ] + γi+j+1(LK(G))) = φ(log(af(i)+µ, af(j)+ν) + γi+j+1(LK(G)).
Write
(af(i)+µ, af(j)+ν) = a
m1
f(i+j)+1 · · · a
mni+j
f(i+j+1)v,
where m1, . . . ,mni+j ∈ Z, v ∈ τi+j+1(G). Then, by BCH formula,
φ([log af(i)+µ + γi+1(LK(G)), log af(j)+ν + γj+1(LK(G))]) =
φ(m1 log af(i+j)+1 + · · · +mni+j log af(i+j+1) + γi+j+1(LK(G))) =
m1af(i+j)+1τi+j+1(G) + · · ·+mni+jaf(i+j+1)τi+j+1(G) = a
m1
f(i+j)+1 · · · a
mni+j
f(i+j+1)τi+j+1(G)
= (af(i)+µ, af(j)+ν)τi+j+1(G) = [φ(log af(i)+µ+ γi+1(LK(G))), φ(log af(j)+ν + γj+1(LK(G)))])
for all i, j ∈ {1, . . . , c}, µ ∈ {1, . . . , ni} and ν ∈ {1, . . . , nj}. Thus φ is a Lie algebra isomor-
phism. 
3.2 Relatively free groups
Let Nc be the variety of nilpotent groups of class at most c, and let Tc be a torsion-free
subvariety of class at most c of Nc. For the rest of this section, for positive integers n and
c, with n ≥ 2, we write Fn,c = Fn(Nc) and G = Fn(Tc). The groups Fn,c and G are freely
generated by the set {x1, . . . , xn}, xi = fiNc(Fn), i = 1, . . . , n, and the set {y1, . . . , yn},
yi = fiTc(Fn), i = 1, . . . , n, respectively. Since Tc is a subvariety of Nc, the natural map π
from Fn,c to G is surjective. Since kerπ = Tc(Fn)/Nc(Fn), we obtain kerπ is a fully invariant
subgroup of Fn,c. Hence kerπ is a verbal subgroup of Fn,c. Let µ and ν be the Hirsch numbers
of Fn,c and G, respectively. Since Fn,c is finitely generated nilpotent, kerπ is a (torsion-free)
finitely generated nilpotent group of class at most c. Since Fn,c/kerπ ∼= G andG is torsion-free,
it follows from a result of Hirsch (see [8, Theorem 2.312], also, [11, Theorem 2.3]) that kerπ has
Hirsch number µ−ν. Since LK(Fn,c) is a free nilpotent Lie algebra of class c freely generated
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by the set {x1F
′
n,c, . . . , xnF
′
n,c} (see, for example, [19]), LK(Fn,c) is a nilpotent Lie algebra of
class c and {log x1, . . . , log xn} generates LK(Fn,c) (by Lemma 3.4), we obtain the mapping χ
from the set {x1F
′
n,c, . . . , xnF
′
n,c} into LK(Fn,c) sending xiF
′
n,c to log xi, i = 1, . . . , n, extends
uniquely to a Lie algebra epimorphism. Since dimLK(Fn,c) = dimLK(Fn,c) = µ, we obtain χ
is one-to-one and so, χ is a Lie algebra isomorphism. We summarize the above observations
as follows.
Lemma 3.8 For positive integers n and c, with n ≥ 2, let Fn,c be the free nilpotent group of
rank n and class c; freely generated by the set {x1, . . . , xn}. Then LK(Fn,c) is a free nilpotent
Lie algebra of rank n and class c; freely generated by the set {log x1, . . . , log xn}. 
The next result gives us a way of how a group homomorphism of Fn,c onto G can
define a Lie algebra homomorphism from LK(Fn,c) onto LK(G). The proof of the following
result is similar to the proof given in Lemma 3.5.
Lemma 3.9 Let M be a torsion-free finitely generated nilpotent group of class c such that
M/τ2(M) is a free abelian group of rank n, with n ≥ 2. Let ϕ be any group homomorphism
from Fn,c into M , and let ψϕ be the mapping from the set {log x1, . . . , log xn} into LK(M)
defined by ψϕ(log xi) = logϕ(xi) for i = 1, . . . , n. Then ψϕ extends uniquely to a Lie algebra
homomorphism from LK(Fn,c) into LK(M) and, for all u ∈ Fn,c, ψϕ(log u) = logϕ(u). 
Lemma 3.10 For positive integers n and c, with n ≥ 2, let G = Fn(Tc), with n ≥ 2, and let
π be the natural mapping from Fn,c onto G. Then kerπ ⊆ F
′
n,c, and LK(kerπ) ⊆ LK(F
′
n,c) =
LK(Fn,c)
′.
Proof. First we shall show that kerπ ⊆ F ′n,c. To get a contradiction, we assume that kerπ *
F ′n,c. Thus (Fn,c/kerπ)
′ = F ′n,ckerπ/kerπ. Since G/G
′ is free abelian of rank n, and G/G′ ∼=
Fn,c/F
′
n,ckerπ, we get Fn,c/F
′
n,ckerπ is free abelian of rank n. Since Fn,c/F
′
n,c is free abelian of
rank n, we obtain F ′n,ckerπ/F
′
n,c is not a trivial free abelian subgroup of Fn,c/F
′
n,c which is a
contradiction. Therefore kerπ ⊆ F ′n,c. Thus L(kerπ) ⊆ LK(F
′
n,c). By Lemma 3.6, we obtain
LK(F
′
n,c) = LK(Fn,c)
′. Hence LK(kerπ) ⊆ LK(Fn,c)
′. 
For a torsion-free finitely generated nilpotent group G of class c, we write Lt(G)
for the vector subspace of LK(G) spanned by all Lie commutators of the form [log ai1 , . . . , log ait ]
with i1, . . . , it ∈ {1, . . . , n}.
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Lemma 3.11 For positive integers n and c, with n ≥ 2, let G = Fn(Tc) and let π be the
natural mapping from Fn,c onto G. Then
LK(kerπ) = ⊕
c
t=2(LK(kerπ) ∩ Lt(Fn,c)).
Proof. By Lemma 3.10, and since LK(Fn,c) = ⊕
c
t=1LK(Fn,c), we have
LK(kerπ) ⊆ LK(Fn,c)
′ = ⊕ct=2Lt(Fn,c).
Let w ∈ LK(kerπ). For a fixed i, with i = 1, . . . , n, express w as a sum
w = w0 + w1 + · · ·+ ws
where the number of times that log xi occurs in wj is j, j = 0, . . . , s. Pick distinct non-zero
integer numbers α0, α1, . . . , αs. Then
w(log x1, . . . , αj log xi, . . . , log xn) =
s∑
κ=0
ακjwκ(log x1, . . . , log xn).
Now the determinant ∣∣∣∣∣∣∣∣∣∣∣∣
1 α0 α
2
0 · · · α
s
0
1 α1 α
2
1 · · · α
s
1
...
...
...
...
1 αs α
2
s · · · α
s
s
∣∣∣∣∣∣∣∣∣∣∣∣
,
is a Vandermonte determinant with value
∏
i<j(αi − αj) so is non-zero. Consequently, each
wj is a Q-linear combination of the elements w(log x1, . . . , αj log xi, . . . , log xn). For the fixed
i and j = 0, . . . , s, let ϕi,j be the mapping from the set {x1, . . . , xn} into Fn,c defined by
ϕi,j(xκ) = x
αj
i if i = κ and ϕi,j(xκ) = xκ if i 6= κ. Since Fn,c is relatively free on the set
{x1, . . . , xn}, ϕi,j extends uniquely to a group endomorphism of Fn,c. By Lemma 3.9 (for
M = Fn,c), ψϕi,j is a Lie algebra endomorphism of LK(Fn,c). Write
w = λ1 log u1 + · · ·+ λs log us,
where λ1, . . . , λs ∈ K and u1, . . . , us ∈ kerπ. Applying ψϕi,j on w, and since kerπ is a fully
invariant subgroup of Fn,c, we obtain ψϕi,j (w) ∈ LK(kerπ). Hence
w(log x1, . . . , αj log xi, . . . , log xn) ∈ LK(kerπ)
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for j = 0, . . . , s. Therefore, for κ = 0, . . . , s, we have
wκ(log x1, . . . , log xn) ∈ LK(kerπ).
Consequently, each wi is a Q-linear combination of the elements
w(log x1, . . . , αj log xi, . . . , log xn),
for j = 0, . . . , s. If we repeat the process on each wi using different log xκ (with κ 6= i), then
eventually we obtain each homogeneous component of w belongs to LK(kerπ). Therefore if
w ∈ LK(kerπ) then the homogeneous components of w belong to LK(kerπ) and so, we obtain
the required result. 
Proposition 3.1 For all positive integers n and c, with n ≥ 2, LK(Fn,c/kerπ) is isomorphic
to LK(Fn,c)/LK(kerπ) as a Lie algebra. Furthermore, LQ(kerπ) is a fully invariant ideal of
LQ(Fn,c).
Proof. By Lemma 3.9 (for M = G), the mapping ψπ from the set {log x1, . . . , log xn} into
LK(G) defined by ψπ(log xi) = log π(xi) for i = 1, . . . , n extends uniquely to a Lie algebra
homomorphism from LK(Fn,c) into LK(G) and, for all u ∈ Fn,c, ψπ(log u) = log π(u). Since
π is onto and by the definition of LK(G), we obtain ψπ is onto. First we shall show that
kerψπ = LK(kerπ). Let w ∈ LK(kerπ). Then
w = κ1 log v1 + · · ·+ κs log vs,
where v1, . . . , vs ∈ kerπ and κ1, . . . , κs ∈ K. Applying ψπ, we have
ψπ(w) = κ1 log π(v1) + · · ·+ κs log π(vs) = 0.
Therefore w ∈ kerψπ. Hence
LK(kerπ) ⊆ kerψπ. (10)
But dimLK(kerπ) = H(kerπ) = µ−ν. In addition, dim(kerψπ) = dimLK(Fn,c)−dimLK(G) =
H(Fn,c)−H(G) = µ− ν. By the equation (10), we obtain kerψπ = LK(kerπ).
Next we show that LQ(kerπ) is a fully invariant ideal of LQ(Fn,c). Let ξ be a Lie
algebra homomorphism of LQ(Fn,c), and let ξ(log xi) = ui for i = 1, . . . , n. Since expLQ(Fn,c)
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is a Mal’cev completion of Fn,c there are positive integers mi such that exp(miui) ∈ Fn,c for
i = 1, . . . , n. Let ϕ be the endomorphism of Fn,c satisfying the conditions ϕ(xi) = exp(mui),
with m the least common multiple of m1, . . . ,mn for i = 1, . . . , n. (Notice that exp(mui) = 1
if and only if ui = 0.) Since kerπ is a fully invariant subgroup of Fn,c, we have ϕ(v) ∈ kerπ
for all v ∈ kerπ. Let w ∈ LQ(kerπ) and, by Lemma 3.11, we assume that w is a homogeneous
element. Write
w = w(log x1, . . . , log xn) = λ1 log v1 + · · · + λs log vs,
where λ1, . . . , λs ∈ Q and v1, . . . , vs ∈ kerπ. By Lemma 3.9 (for M = Fn,c), ψϕ(log u) =
logϕ(u) for all u ∈ Fn,c. Applying ψϕ on w, we obtain ψϕ(w) ∈ LQ(kerπ). Since ψϕ is a Lie
algebra homomorphism of LQ(Fn,c), we obtain λw(u1, . . . , un) ∈ LQ(kerπ) for some non-zero
integer λ. Hence ξ(w) ∈ LQ(kerπ) for all homogeneous elements w ∈ LQ(kerπ). Since for any
element w in LQ(kerπ) the homogeneous components of w belong to LQ(kerπ) (by Lemma
3.11) and ξ is a Lie algebra homomorphism, we obtain LQ(kerπ) is a fully invariant ideal of
LQ(Fn,c). 
Proposition 3.2 For any relatively free of finite rank n torsion-free nilpotent group G, its
Lie algebra LK(G) is relatively free in some variety of nilpotent Lie algebras.
Proof. Since LQ(Fn,c) is a free nilpotent Lie algebra (by Lemma 3.8) and any fully invariant
ideal of LQ(Fn,c) is verbal (The arguments given in the proof of Theorem 13.31 in [16] are
still valid for relatively free Lie algebras.), it follows from Proposition 3.1 that LQ(Fn,c/kerπ)
is relatively free. Since G ∼= Fn,c/kerπ, we obtain LQ(G) is relatively free. Recall that
LK(G) = K ⊗Q LQ(G). Since relatively freeness is preserved by a field extension, we obtain
the required result (see [1, Chapter 14]). 
Theorem 3 For any relatively free, torsion-free nilpotent group G of finite rank n, LK(G)
is isomorphic to LK(G) as a Lie algebra via an isomorphism η sending log yi to yiG
′, i =
1, . . . , n.
Proof. Write G = Fn(Tc) for some torsion-free subvariety Tc of class at most c of Nc. It is
freely generated by the set {y1, . . . , yn}, where yi = fiTc(Fn). Then the factor group G/G
′
is either a free abelian group freely generated by the set {y1G
′, . . . , ynG
′} or it is the abelian
group of exponent m > 0 every element of whose basis {y1G
′, . . . , ynG
′} has order m (see
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[16, page 11]). If G/G′ has finite exponent m, then, since G is nilpotent of class c, we obtain
G has finite exponent dividing mc (see, for example, [18, page 13]) which is a contradiction.
Therefore G/G′ is a free abelian group of rank n. Hence τ2(G) = G
′.
By Lemma 3.3, LK(G) is generated as Lie algebra by the set {y1G
′, . . . , ynG
′}.
In addition, LK(G) is a nilpotent Lie algebra of class c. Then LK(G) ∈Mc. Since LK(Fn,c) is
free inMc freely generated by the set {log x1, . . . , log xn} (by Lemma 3.8), the mapping ρ from
{log x1, . . . , log xn} into LK(G) defined by ρ(log xi) = yiG
′, i = 1, . . . , n, extends uniquely
to a Lie algebra epimorphism from LK(Fn,c) onto LK(G). We claim that ρ(LK(kerπ)) =
{0}. Recall that LK(kerπ) = kerψπ (see the proof of Proposition 3.1), where ψπ is the Lie
algebra epimorphism from LK(Fn,c) onto LK(G) such that ψπ(log xi) = log π(xi) = log yi,
i = 1, . . . , n. Thus, by Lemma 3.11,
kerψπ = ⊕
c
t=2(kerψπ ∩ Lt(Fn,c)). (11)
To prove that ρ(kerψπ) = {0} it is enough to show that ρ(v) = 0 for all v ∈ kerψπ. By the
equation (11), it is enough to prove that ρ(v) = 0 for all homogeneous elements in kerψπ. For
any homogeneous Lie commutator w in LK(Fn,c), we write w˜ for the Lie commutator in LK(G)
obtained from w by replacing the Lie multiplication in LK(Fn,c) by the Lie multiplication
in LK(G), and, in addition, by replacing each log xi by yiG
′ with i = 1, . . . , n. Let v ∈
kerψπ ∩ Lt(Fn,c) for some t ≥ 2. Write
v =
∑
β(i1,...,it)[log xi1 , . . . , log xit ],
where β(i1,...,it) ∈ K. Then
0 = ψπ(v) =
∑
β(i1,...,it)[log yi1 , . . . , log yit]. (12)
Since
[log yi1 , . . . , log yit] = log(yi1 , . . . , yit) + u,
where u ∈ LK(τt+1(G)), we obtain from the equation (12)
∑
β(i1,...,it) log(yi1 , . . . , yit) ∈ L(τt+1(G)). (13)
Choose a canonical basis {a1, . . . , af(c+1)} ofG with ai = yi, i = 1, . . . , n. Write (yi1 , . . . , yit) =
a
mf(t)+1
f(t)+1 · · · a
mf(t+1)
f(t+1) x, where x ∈ τt+1(G). By the BCH formula and since LK(τt+1(G)) has a
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K-basis the set {log af(t+1)+1, . . . , log af(c+1)}, we get from (13)
∑
β(i1,...,it)(
f(t+1)∑
k=f(t)+1
mk log ak) = 0.
Let ζ be the K-linear isomorphism from LK(G) onto LK(G) such that ζ(log af(i)+j) =
af(i)+jτi+1(G) for all i = 1, . . . , c and j = 1, . . . , ni. Since LK(τt+1(G)) has a K-basis
the set {log af(t+1)+1, . . . , log af(c+1)} and since γt+1(LK(G)) = ⊕
c
j=t+1Lj,K(G), we have
ζ(LK(τt+1(G))) = γt+1(LK(G)). Therefore
∑
β(i1,...,it)(
f(t+1)∏
k=f(t)+1
(akτt+1(G))
mk ) = 0. (14)
Since
[yi1G
′, . . . , yitG
′] = (yi1 , . . . , yit)τt+1(G) =
f(t+1)∏
k=f(t)+1
(akτt+1(G))
mk ,
we obtain from (14)
∑
β(i1,...,it)[yi1G
′, . . . , yitG
′] = 0. Thus
ρ(v) = v˜ =
∑
β(i1,...,it)[yi1G
′, . . . , yitG
′] = 0.
Therefore ρ(LK(kerπ)) = {0}. Hence LK(kerπ) ⊆ kerρ. Since dimkerρ = dimLK(Fn,c) −
dimLK(G) = µ − ν = dimLK(kerπ), we obtain LK(kerπ) = kerρ. Therefore
LK(Fn,c)/LK(kerπ) ∼= LK(G) by a Lie algebra isomorphism ρ1 such that ρ1(log xi+L(kerπ)) =
yiG
′, i = 1, . . . , n. By the proof Proposition 3.1, LK(Fn,c)/LK(kerπ) ∼= LK(G) by a Lie alge-
bra isomorphism ψπ,1 such that ψπ,1(log xi+LK(kerπ)) = log yi, i = 1, . . . , n. Let η = ρ1◦ψ
−1
π,1.
Then η is a Lie algebra isomorphism from LK(G) into LK(G) such that η(log yi) = yiG
′ for
i = 1, . . . , n. 
Let L be a relatively free nilpotent Lie algebra over Q of finite rank n; freely
generated by the set {h1, . . . , hn}. It is easily verified that the set {h1 + L
′, . . . , hn +L
′} is a
Q-basis of L/L′. Give on L, by means of the Baker-Campbell-Hausdorff formula, the structure
of a group denoted by R. Let H be the subgroup of R generated by the set {h1, . . . , hn} and
let c be the nilpotency class of L. Notice that the nilpotency class of H is c as well. Since
H is generated by n elements and it is nilpotent of class c (that is, H ∈ Nc), and since
Fn,c is relatively free in Nc, the map τ from Fn,c into H sending xi to hi, i = 1, . . . , n, is a
group epimorphism. By Lemma 2.1, H ′ = τ2(H). Thus, the first part of Lemma 3.10 shows
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that kerτ ⊆ F ′n,c. By Lemma 3.9 (for M = H), τ induces a Lie algebra homomorphism ψτ
from LQ(Fn,c) into LQ(H) such that ψτ (log u) = log τ(u) for all u ∈ Fn,c. Note that the set
{h1H
′, . . . , hnH
′} is a Z-basis for H/H ′ (see [6, Proof of Theorem B, page 457]). By Lemma
3.9, ψτ is surjective. Thus LQ(Fn,c)/kerψτ ∼= LQ(H). By applying similar arguments as in the
proof of Proposition 3.1, we obtain LQ(kerτ) = kerψτ and so, LQ(Fn,c)/LQ(kerτ) ∼= LQ(H).
By Lemma 2.1, L ∼= LQ(H) and so, LQ(H) is relatively free. Thus LQ(Fn,c)/LQ(kerτ) is
relatively free. It is easy to verify that LQ(kerτ) is a fully invariant ideal of LQ(Fn,c), and
kerτ is a fully invariant subgroup of Fn,c. So, we obtain the following result.
Proposition 3.3 Let τ and H be as above.
(i) LQ(Fn,c)/LQ(kerτ) ∼= LQ(H).
(ii) LQ(kerτ) is a fully invariant ideal of LQ(Fn,c).
(iii) kerτ is a fully invariant subgroup of Fn,c. 
3.3 Relatively free Lie algebras
An inverse system (Gi, ϕij) of sets indexed by a directed nonempty set I consists of a family
{Gi| i ∈ I} of sets and a family {ϕij : Gj → Gi| i, j ∈ I, i ≤ j} of maps such that ϕii is the
identity map IdGi for each i and ϕijϕjk = ϕik whenever i ≤ j ≤ k. We shall call a family
{ψi : Y → Gi| i ∈ I} of maps compatible to the inverse system (Gi, φij) if ϕijψj = ψi whenever
i ≤ j. An inverse limit (G˜, ϕi) of an inverse system (Gi, ϕij) of sets is a set G˜ together with
a compatible family {ϕi : G˜→ Gi} of maps with the following universal property: whenever
(ψi : Y → Gi) is a compatible family of maps from a set Y , there is a unique map ψ : Y → G˜
such that ϕiψ = ψi for each i. Write C =
∏
i∈I Gi for the cartesian product of all sets Gi,
and for each i write πi for the projection map from C to Gi. Define
G˜ = {c ∈ C : ϕijπj(c) = πi(c) for all i, j with i ≤ j}
and ϕi = πi| eG for each i. Then (G˜, ϕi) is an inverse limit of (Gi, ϕij), denoted by lim←−
Gi.
Suppose each Gi is a Lie algebra and each ϕij is a Lie algebra homomorphism. Then C is a
Lie algebra, and it is easy to see that G˜ is a Lie subalgebra of C. The coordinate projections
πi are obviously homomorphisms in this case.
Let xi = fiL(Fn), with i = 1, . . . , n. That is, the set {x1, . . . , xn} is a basis (i.e.
a free generating set) for Gn. Since Gn is relatively free and τc+1(Gn) is a fully invariant
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subgroup of Gn, we obtain τc+1(Gn) is verbal. Write Gn = Fn/L(Fn) and let Nc+1 be the
complete inverse image in Fn of τc+1(Gn). Then Nc+1/L(Fn) = τc+1(Gn). It is easily verified
that Nc+1 is a fully invariant subgroup of Fn and so, Nc+1 is verbal. That is, there exists a set
Ωc+1 of words such thatNc+1 = Ωc+1(Fn). But then Nc+1/L(Fn) = Ωc+1(Fn/L(Fn)) (see [16],
the proof of 13.31 Theorem, page 10]). Thus Gn/τc+1(Gn) ∼= Fn/Nc+1 and so, Gn/τc+1(Gn) is
a relatively free torsion-free nilpotent group of rank n and nilpotency class at most c. We write
Gn,c = Gn/τc+1(Gn) and claim that Gn,c has class exactly c. Indeed, to get a contradiction
we assume that γd(Gn) ⊆ τc+1(Gn) for some d ≤ c. Let x ∈ τd(Gn). Thus there exists
a positive integer m such that xm ∈ γd(Gn) ⊆ τc+1(Gn). Since τc+1(Gn) ⊆ τd+1(Gn) and
τd(Gn)/τd+1(Gn) is torsion-free, we obtain x ∈ τd+1(Gn) and so, τd(Gn) = τd+1(Gn) which
contradicts to residually torsion-free nilpotency. For positive integers i and c, with 1 ≤ i ≤ n,
let xi,c = xiτc+1(Gn). Thus Gn,c is freely generated by the set {xi,c : i = 1, . . . , n}. As shown
in Proposition 3.2, and the proof of Theorem 3, LK(Gn,c) is a relatively free nilpotent Lie
algebra of rank n; freely generated by the set {log x1,c, . . . , log xn,c}. Since Gn,c has class c,
we obtain LK(Gn,c) has class c (see [11, Theorem 7.3]).
The following result help us to construct the inverse limit of LK(Gn,c) with c ≥ 1
and n a fixed positive integer with n ≥ 2. The proof is based on some ideas of the proof given
in Lemma 3.5. (See, also, Lemma 3.9.)
Lemma 3.12 For positive integers c, d, with c ≤ d, we write πc,d for the natural epimorphism
from Gn,d onto Gn,c sending gτd+1(Gn) to gτc+1(Gn) for all g ∈ Gn. Then there exists a Lie
algebra epimorphism ξπc,d from LK(Gn,d) onto LK(Gn,c) such that ξπc,d(log(gτd+1(Gn))) =
log(gτc+1(Gn)) for all g ∈ Gn. In particular, ξπc,d(log xi,d) = log xi,c for i = 1, . . . , n,
and ξπc,d(v(log x1,d, . . . , log xn,d)) = v(log x1,c, . . . , log xn,c) for all v(log x1,d, . . . , log xn,d) ∈
LK(Gn,d). 
Form the following inverse limit
L˜(Gn) = lim←−
(LK(Gn,c), ξπc,d).
Throughout this paper we abbreviate L˜n = L˜(Gn), with n ≥ 2. A typical element of L˜n has
the form (v1, v2, . . .) where vc ∈ LK(Gn,c), with c ≥ 1, and ξπc,d(vd) = vc for c ≤ d. Write, for
i = 1, . . . , n,
ti = (log(xiτ2(Gn)), log(xiτ3(Gn)), . . . , log(xiτc+1(Gn)), . . .) ∈ L˜n.
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Let Ln = L(Gn) be the Lie subalgebra of L˜n generated by the set {t1, . . . , tn}. Recall that for
a positive integer c, Lc(Gn) = τc(Gn)/τc+1(Gn). Since Lc(Gn) is a free abelian group of finite
rank ≥ 1, we may tensor it by K to obtain a vector space Lc,K(Gn) over K. In particular,
if Xc is any Z-basis of Lc(Gn) then every element of Lc,K(Gn) may be uniquely written as a
K-linear combination of elements 1 ⊗ x, with x ∈ Xc. Let LK(Gn) = ⊕c≥1Lc,K(Gn). For a
positive integer c, and a Lie algebra L, we write γc(L) for the c-th term of the lower central
series of L. Notice that γd(LK(Gn)) = ⊕i≥dLi,K(Gn). 
Theorem 4 Let Ln be the Lie subalgebra of L˜n generated by the set {t1, . . . , tn}. Then Ln
is a relatively free Lie algebra freely generated by the set {t1, . . . , tn}.
Proof. For a positive integer n, with n ≥ 2, let An be the free associative algebra over K;
freely generated by the set {ℓ1, . . . , ℓn}. Give on An the structure of a Lie algebra by defining
[u, v] = uv − vu for all u, v ∈ An. Let Ln be the Lie subalgebra of An generated by the
set {ℓ1, . . . , ℓn}. It is well-known that Ln is a free Lie algebra; freely generated by the set
{ℓ1, . . . , ℓn} (see, for example, [10]). Consider the natural epimorphism
σn : Ln −→ Ln, with ℓi 7→ ti, i = 1, . . . , n.
Then Ln/kerσn ∼= Ln. Notice that v(t1, . . . , tn) = 0 if and only if v(ℓ1, . . . , ℓn) ∈ kerσn.
To prove that Ln is relatively free, it is enough to show that kerσn is a verbal ideal (see
[1, Chapter 14, page 275]). As for groups [16, Theorem 12.34, page 5] verbal ideals turn
out to be precisely the fully invariant ideals of Ln (that is, those ideals which are invariant
under all endomorphisms of Ln). Thus it is enough to show that kerσn is fully invariant
i.e. if v(ℓ1, . . . , ℓn) ∈ kerσn, then v(v1, . . . , vn) ∈ kerσn for all v1, . . . , vn ∈ Ln or, equiv-
alently, if v(t1, . . . , tn) = 0, then v(u1, . . . , un) = 0 for all u1, . . . , un ∈ Ln. Each ti may
be considered as a function on N such that ti(c) = log xi,c ∈ LK(Gn,c) for all c ∈ N. The
element v(t1, . . . , tn) is considered as a function on N. Thus v(t1(c), . . . , tn(c)) = 0 for all
c ∈ N. Hence v(t1(c), . . . , tn(c)) = 0 in each LK(Gn,c). For any positive integer c, LK(Gn,c)
is a relatively free nilpotent Lie algebra; freely generated by the set {log x1,c, . . . , log xn,c}.
Since ti(c) = log xi,c for i = 1, . . . , n, we obtain {t1(c), . . . , tn(c)} is a free generating set for
LK(Gn,c). Therefore v(w1,c, . . . , wn,c) = 0 for all w1,c, . . . , wn,c ∈ L(Gn,c). By the construc-
tion of L˜n, we have L˜n ∈ var({LK(Gn,c) : c ∈ N}). But v(ℓ1, . . . , ℓn) is an identity in the
cartesian product
∏
c≥1LK(Gn,c). (The arguments given in the proof of 15.1 of [16, page 15]
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can be adopted here without any changes.) Hence v(ℓ1, . . . , ℓn) is an identity in L˜n. Since
Ln ⊆ L˜n, we obtain v(ℓ1, . . . , ℓn) is an identity in Ln. Therefore, Ln is a relatively free Lie
algebra; freely generated by the set {t1, . . . , tn}. 
3.4 Verbal ideals
Let F∞ be the free Lie algebra on a countably infinite set {ω1, ω2, . . . , }. For each n ≥ 1, the
free Lie algebra Fn freely generated by ω1, . . . , ωn will then be embedded in F∞, in a natural
way. This free Lie algebra F∞ is introduced for the special purpose to provide ‘words’: an
element w ∈ F∞ is called a word in the variables ω1, ω2, . . .. Each word w involves only
finitely many variables, in the sense that w ∈ Fn for some n ∈ N. A set of words V is closed
if it is, as subset of F∞, a fully invariant ideal of F∞. In particular, if v ∈ V is a word in n
variables, and (u1, . . . , un) ∈ F
n
∞ an n-tuple of words, then v(u1, . . . , un) ∈ V . The closure
of an arbitrary set w of words is defined as the intersection of all closed sets containing w.
(Since the set of all words is a closed set containing w, the aforementioned definition makes
sense.) Let Y be a set of words involving ω1, . . . , ωn only such that Y is a fully invariant
ideal of Fn (hence it is a verbal ideal). If V denotes the closure of Y then V ∩ Fn = Y (see,
for example, [16, page 7]. The arguments given in page 7 can be adopted here without any
changes]). That is, the closure of a fully invariant ideal of Fn intersected with Fn leads back
to the original ideal. Let L∞ be a free Lie algebra on a countably infinite set {ℓ1, ℓ2, . . .}. For
a positive integer n, with n ≥ 2, let Ln denote the free Lie algebra freely generated by the
set {ℓ1, . . . , ℓn}. Let ξ be the natural mapping of F∞ onto L∞; it is given by ξ(ωi) = ℓi for
i ≥ 1. It is an isomorphism between the two free Lie algebras which, restricted to Fn ⊂ F∞
maps Fn onto Ln ⊂ L∞. So we have the following diagram:
F∞ Fn
L∞ Ln Ln
✲
❄
ξ
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
✲ ✲σn
Let V be a fully invariant ideal of F∞. The words in V that involve only ω1, . . . , ωn are given
by V ∩ Fn. Of course, V ∩ Fn is a fully invariant ideal of Fn. For a positive integer n, with
n ≥ 2, let Vn be the fully invariant ideal of Fn such that ξ(Vn) = kerσn. Let Yn be the closure
of Vn. Then Yn ∩Fn = Vn. Since ξ is bijective, we obtain ξ(Yn)∩Ln = ξ(Vn) = kerσn. Recall
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that there is a 1 − 1 correspondence between the varieties V of Lie algebras and the fully
invariant ideals V of F∞ (or the closed sets of words V or the verbal ideals V ). Let Vn (or
simply V) be the variety of Lie algebras corresponding to Yn. Write V(Ln) = ξ(Yn) ∩ Ln.
That is, the verbal ideal of Ln corresponding to V. Notice that V(Ln) = kerσn. It is well
known that Ln = ⊕m≥1L
m
n , where L
m
n denotes the vector subspace of Ln spanned by all Lie
commutators [ℓi1 , . . . , ℓim ] with i1, . . . , im ∈ {1, . . . , n}. Since K is an infinite field, we obtain
V is (multi-)homogeneous. That is, given an identity v ≡ 0 in V such that v =
∑
α vα is the
(multi-)homogeneous decomposition of v, then for all α, vα ≡ 0 is also an identity in V. The
proof of the following result is elementary.
Lemma 3.13 For a positive integer n, with n ≥ 2, let Ln be a free Lie algebra of rank n. Let
I be a proper fully invariant ideal of Ln. Then I ⊆ L
′
n. 
Since kerσn ⊆ L
′
n (by the proof of Theorem 4 and Lemma 3.13),
kerσn = V(Ln) = ⊕m≥2(kerσn ∩ L
m
n ).
SinceV(Ln) = ⊕m≥2(V(Ln)∩L
m
n ), it is easily verified that Ln = ⊕m≥1L
m
n , where L
m
n = (L
m
n +
V(Ln))/V(Ln). Furthermore, γc(Ln) = ⊕m≥cL
m
n for all c. For positive integers i and c, with
i ≤ c, let ni denote the rank of the free abelian group Li(Gn,c) (= γi(Gn,c)/γi+1(Gn,c)). Fur-
thermore, let f(i) = n1+· · ·+ni−1, with n0 = 0 and n1 = n. Let Bi,c = {af(i)+1,c, . . . , af(i+1,c)}
be a subset of γi(Gn,c) such that the set {af(i)+1,cγi+1(Gn,c), . . . , af(i+1),cγi+1(Gn,c)} is a
Z-basis of Li(Gn,c). Thus Bc = ∪Bi,c = {a1,c, . . . , af(c+1),c} is a canonical basis of Gn,c.
For any positive integer c, we choose a canonical basis Bc of Gn,c subject to aκ,c = xκ,c,
κ = 1, . . . , n. For a positive integer c, with c ≥ 2, let πc−1,c be the natural epimorphism
from Gn,c onto Gn,c−1 sending gτc+1(Gn) to gτc(Gn) for all g ∈ Gn. Then kerπc−1,c =
τc(Gn)/τc+1(Gn). By Lemma 3.12, there exists a Lie algebra epimorphism ξπc−1,c from
LK(Gn,c) onto LK(Gn,c−1) such that ξπc−1,c(log(gτc+1(Gn))) = log(gτc(Gn)) for all g ∈ Gn.
In particular, ξπc−1,c(log xi,c) = log xi,c−1 for i = 1, . . . , n.
Proposition 3.4 For a positive integer n, with n ≥ 2, let Hn be a relatively free group of
rank n. Then τc(Hn) = γc(Hn)τc+1(Hn) for all c.
Proof. Let Hn be a relatively free group of rank n, with n ≥ 2 freely generated by the set h.
The commutator group Hn/H
′
n is an abelian relatively free group freely generated by h taken
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modulo H ′n. Suppose first that Hn/H
′
n is a free abelian group of exponent m, with m > 0.
Then τ(Hn/H
′
n) = Hn/H
′
n. Since τ2(Hn)/γ2(Hn) = τ(Hn/H
′
n), we obtain τ2(Hn) = Hn. We
claim that Hn = τc(Hn) for all c. Since Hn = τ2(Hn), we have x ∈ τ2(Hn) for all x ∈ Hn.
Since Hn/H
′
n has exponent m, we get x
m ∈ H ′n. Then (x
m, y) ∈ γ3(Hn) for all y ∈ Hn. Using
repeatedly the commutator identity (ab, c) = (a, c)(a, c, b)(b, c), we obtain (x, y)m ∈ γ3(Hn)
for all y ∈ Hn. So, (x, y) ∈ τ3(Hn) for all y ∈ Hn. It is clearly enough that (x, y) ∈ τ3(Hn) for
all x, y ∈ Hn. Since τ3(Hn) is fully invariant, we have γ2(Hn) ⊆ τ3(Hn). Let x ∈ τ2(Hn). Then
xm ∈ γ2(Hn) and so x
m ∈ τ3(Hn). Since τ2(Hn)/τ3(Hn) is torsion-free, we get x ∈ τ3(Hn).
Therefore τ2(Hn) = τ3(Hn). Continuing this process we obtain Hn = τc(Hn) for all c. So, we
get the required result.
Thus we may assume that Hn/H
′
n is a free abelian group with a basis (i.e. a free
generating set) h taken moduloH ′n. Assume that there are no repetitions of terms of the series
{τc(Hn)}c≥1. Fix a positive integer c. It is clearly enough that we may assume that c ≥ 2. It
is enough to show that τc(Hn) ⊆ γc(Hn)τc+1(Hn). Write Hn,c = Hn/τc+1(Hn). Notice that
Hn,c is a relatively free nilpotent torsion-free group of rank n and class c. (If the class of
Hn,c is strictly less than c, then it be can easily shown that there are repetitions of the series
{τc(Hn)}c≥1.) By Theorem A (I), Hn,c is Magnus and so, τκ(Hn,c) = γκ(Hn,c) for all κ, κ ∈
{1, . . . , c}. Write En,c = Hn/γc(Hn)τc+1(Hn). Since γc(Hn,c) = γc(Hn)τc+1(Hn)/τc+1(Hn),
we have Hn,c/γc(Hn,c) ∼= En,c. Thus En,c is torsion-free. Let ρc−1,c denote the natural
epimorphism from En,c onto Hn,c−1 sending h(γc(Hn)τc+1(Hn)) to hτc(Hn) for all h ∈ Hn.
It is easily verified that kerρc−1,c = τc(Hn)/γc(Hn)τc+1(Hn). Furthermore, it is easy to see
that kerρc−1,c is an homomorphic image of τc(Hn)/γc(Hn). Since Hn/γc(Hn) is a finitely
generated nilpotent group, we have τ(Hn/γc(Hn)) is a finite group and so, τc(Hn)/γc(Hn) is
a finite group. Therefore kerρc−1,c is finite. Since En,c is torsion-free, we obtain kerρc−1,c is
trivial and so τc(Hn) ⊆ γc(Hn)τc+1(Hn). Hence τc(Hn) = γc(Hn)τc+1(Hn) for all c. Finally
we assume that there are repetitions of terms of the series {τc(Hn)}c≥1. Since Hn/H
′
n is free
abelian, we have τ2(Hn) = H
′
n. Let κ be the smallest positive integer such that τκ(Hn) =
τκ+1(Hn) and Hn ⊃ τ2(Hn) ⊃ · · · ⊃ τκ−1(Hn) ⊃ τκ(Hn). Since τκ(Hn) = τκ+1(Hn), we
get τj(Hn) = τκ(Hn) for all j ≥ κ + 1. Hence our claim holds for all j ≥ κ. If κ = 2
then τc(Hn) = γc(Hn)τc+1(Hn) for all c. Thus we concentrate on j < κ and κ ≥ 3. Write
Hn,c = Hn/τc+1(Hn) for c = 1, . . . , κ − 1, and fix c. Using similar arguments as before we
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obtain the required result. Hence, in any case, we have τc(Hn) = γc(Hn)τc+1(Hn). 
Remark 3.1 The proof given in the first part of the proof of Proposition 3.4 is independent
up to the rank of Hn.
We deduce the following result.
Corollary 3.2 Let L be a residually torsion-free nilpotent variety of groups. For positive
integers n and c, with n ≥ 2, let Gn = Fn(L) be the relatively free group of rank n in L and
Gn,c = Gn/τc+1(Gn). Then, for all c, γc(Gn,c) = τc(Gn)/τc+1(Gn).
Proof. Since γc(Gn,c) = γc(Gn)τc+1(Gn)/τc+1(Gn), we obtain from Proposition 3.4 the re-
quired result. 
For a positive integer c, let ψc be the mapping from {ℓ1, . . . , ℓn} into LK(Gn,c)
such that ψc(ℓi) = ti(c) = log xi,c, i = 1, . . . , n. Since Ln is free on {ℓ1, . . . , ℓn}, ψc extends
to a Lie algebra homomorphism from Ln into LK(Gn,c). Since LK(Gn,c) is generated by
the set {log x1,c, . . . , log xn,c}, we have ψc is surjective. Let v(ℓ1, . . . , ℓn) ∈ kerσn. Then
v(t1, . . . , tn) = 0 in Ln and so, v(log x1,c, . . . , log xn,c) = 0 for all c ∈ N (see the proof of
Theorem 4). Hence ψc(v(ℓ1, . . . , ℓn)) = 0 i.e. v(ℓ1, . . . , ℓn) ∈ kerψc. Therefore kerσn ⊆ kerψc
and so, ψc induces a Lie algebra epimorphism ψ˜c, say, from Ln onto LK(Gn,c) (for all c)
sending ti to log xi,c for i = 1, . . . , n. So
Ln Ln
LK(Gn,c)
✲σn
❅
❅
❅❅❘
ψc
♣
♣
♣
♣
♣
♣
♣
♣❄
eψc
Lemma 3.14 For a positive integer c, ψ˜c(L
c
n) = LK(γc(Gn,c)). In particular, for c ≥ 2,
ψ˜c(γc(Ln)) = kerξπc−1,c. Furthermore, kerσn = ∩c≥1kerψc.
Proof. Recall that, for a positive integer c, Lcn is the vector K-space spanned by all Lie
commutators [ti1 , . . . , tic ] with i1, . . . , ic ∈ {1, . . . , n}. Observe that
[ti1 , . . . , tic ] = (0, . . . , 0︸ ︷︷ ︸
c−1
, [ti1(c), . . . , tic(c)], [ti1(c+ 1), . . . , tic(c+ 1)], . . .) ∈ L˜n.
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Applying ψ˜c on [ti1 , . . . , tic ], we obtain ψ˜c([ti1 , . . . , tic ]) = [ti1(c), . . . , tic(c)]. Thus ψ˜c(L
c
n) ⊆
γc(L(Gn,c)). By Lemma 3.6 and since Gn,c is Magnus, we have ψ˜c(L
c
n) ⊆ L(γc(Gn,c)). Let c =
1. Since kerσn ⊆ L
′
n, we obtain Ln/L
′
n
∼= Ln/L
′
n as vector spaces. Since L
′
n = ⊕c≥2L
c
n, we get
dimL1n = n and so {t1, . . . , tn} is a K-basis for L
1
n. Since dimL(Gn,1) = H(Gn,1) = n, we ob-
tain {t1(c), . . . , tn(c)} is aK-basis for LK(Gn,1). It is clearly enough that ψ˜1(L
1
n) = LK(Gn,1).
Thus we may assume that c ≥ 2. By Lemma 3.5, LK(γc(Gn,c)) = kerξπc−1,c and so, ψ˜c(L
c
n) ⊆
kerξπc−1,c . To prove that γc(L(Gn,c)) ⊆ ψ˜c(L
c
n) it is enough to show that [ti1(c), . . . , tic(c)] ∈
ψ˜c(L
c
n) for all i1, . . . , ic ∈ {1, . . . , n}. Since γc(LK(Gn,c)) = LK(γc(Gn,c)) = kerξπc−1,c , we
obtain [ti1(c− 1), . . . , tic(c− 1)] = 0. Consider the element
v = (0, . . . , 0︸ ︷︷ ︸
c−1
, [ti1(c), . . . , tic(c)], [ti1(c+ 1), . . . , tic(c+ 1)], . . .) ∈ L˜n.
It is easily seen that [ti1 , . . . , tic ] = v, and ψ˜c(v) = [ti1(c), . . . , tic(c)]. Therefore ψ˜c(L
c
n) =
γc(LK(Gn,c)) = kerξπc−1,c. Since γc(Ln) = ⊕m≥cL
m
n , it is easily seen that ψ˜c(γc(Ln)) =
kerξπc−1,c for all c ≥ 2.
Since kerσn ⊆ kerψc for all c, we have kerσn ⊆ ∩c≥1kerψc. Let u = u(ℓ1, . . . , ℓn) ∈
∩c≥1kerψc. Since u ∈ kerψc for all c, we have ψc(u(ℓ1, . . . , ℓn)) = u(t1(c), . . . , tn(c)) = 0 for all
c. Since LK(Gn,c) is relatively free on {t1(c), . . . , tn(c)}, we have u(ℓ1, . . . , ℓn) is an identity
for LK(Gn,c) for all c. This means that u(ℓ1, . . . , ℓn) is an identity of the cartesian product∏
c≥1LK(Gn,c). Thus, u(ℓ1, . . . , ℓn) is an identity of L˜n and so, it is an identity of Ln. That
is, u(ℓ1, . . . , ℓn) ∈ V(Ln) = kerσn. Therefore kerσn = ∩c≥1kerψc. 
In the next few lines, we write Ic = kerψ˜c. We claim that Ic is a fully invariant
ideal of Ln. It is enough to show that ϑ(Ic) ⊆ Ic for any ϑ endomorphism of Ln. Let
u = u(t1, . . . , tn) ∈ Ic. Then ψ˜c(u(t1, . . . , tn)) = u(log x1,c, . . . , log xn,c) = 0 in LK(Gn,c).
Since LK(Gn,c) is relatively free on {log x1,c, . . . , log xn,c}, we obtain u(u1, . . . , un) = 0 for all
u1, . . . , un ∈ LK(Gn,c). Let ϑ be an endomorphism of Ln. Then ϑ(ti) = vi for i = 1, . . . , n.
Since ψ˜c is a Lie algebra homomorphism from Ln into L(Gn,c), ψ˜c(vi) = wi for i = 1, . . . , n.
But u(w1, . . . , wn) = 0 (in LK(Gn,c)) and so, ψ˜c(ϑ(u(t1, . . . , tn))) = ψ˜c(u(v1, . . . , vn)) =
u(w1, . . . , wn) = 0. Therefore ϑ(u(t1, . . . , tn)) ∈ Ic. Hence Ic is fully invariant (and so, Ic is
verbal). Since L′n = ⊕m≥2L
m
n and Ic is a proper fully invariant ideal of Ln, it is easy to see
that Ic ⊆ L
′
n.
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Next we claim that Ic = γc+1(Ln). Since Ln/Ic ∼= LK(Gn,c) and LK(Gn,c) has
class c, it is enough to show that Ic ⊆ γc+1(Ln). To get a contradiction, let w ∈ Ic but not
in γc+1(Ln). Since Ic is a proper fully invariant ideal and since K is an infinite field, we may
assume that w ∈ Ic ∩ L
d
n for some d, with 2 ≤ d ≤ c. We write
w = w(t1, . . . , tn) =
∑
α(i1,...,id)[ti1 , . . . , tid ],
α(i1,...,id) ∈ K. Since ψ˜c(w) = 0, we obtain
w(t1(c), . . . , tn(c)) =
∑
α(i1,...,id)[ti1(c), . . . , tid(c)] = 0
in LK(Gn,c). Making use of ξπµ,c (Lemma 3.12), with µ ≤ c, we have w(t1(µ), . . . , tn(µ)) = 0
for all µ ≤ c. Notice that
ψ˜κ(w) = w(t1(κ), . . . , tn(κ)) ∈ γd(L(Gn,κ))
for all κ ≥ c. Since ξπc,c+1(w(t1(c + 1)), . . . , tn(c + 1)) = w(t1(c), . . . , tn(c)) = 0, we obtain
w(t1(c + 1), . . . , tn(c + 1)) ∈ kerξπc,c+1 . By Lemma 3.5 and (Lemma 3.6), w(t1(c + 1), . . . ,
tn(c+1)) ∈ γc+1(L(Gn,c+1)). For a positive integer m, with m = 1, . . . , c, let Lm(Gn,c) denote
the vector subspace of LK(Gn,c) spanned by all Lie commutators of the form
[log xi1,c, . . . , log xim,c]. By Theorem 3 and since LK(Gn,c) is graded,
LK(Gn,c) = ⊕
c
m=1Lm(Gn,c).
Since w(t1(c + 1), . . . , tn(c + 1)) has length d and d ≤ c, we obtain w(t1(c + 1), . . . ,
tn(c + 1)) = 0 (in LK(Gn,c+1)). Thus ψ˜c+1(w) = 0. Continue this process, we finally
obtain w = 0 which is a contradiction. Therefore Ic = γc+1(Ln). Furthermore, L
c
n
∼=
γc(Ln)/γc+1(Ln) ∼= γc(LK(Gn,c) = LK(γc(Gn,c)) (by Lemma 3.6). Thus we obtain the fol-
lowing result.
Proposition 3.5 For a positive integer c, Ln/γc+1(Ln) ∼= LK(Gn,c) as Lie algebras un-
der the isomorphism ϕc+1 sending ti + γc+1(Ln) to log xi,c, i = 1, . . . , n. In particular,
ϕc+1(u(t1, . . . , tn) + γc+1(Ln)) = u(log x1,c, . . . , log xn,c) for all u(t1, . . . , tn) ∈ Ln and c ≥ 1.
Furthermore, for all positive integers c, Lcn
∼= LK(γc(Gn,c)) as vector spaces via the linear iso-
morphism ϕc+1ηc, where ηc is the natural linear isomorphism from L
c
n onto γc(Ln)/γc+1(Ln)
sending u to u+ γc+1(Ln). 
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Since Gn = Fn(L) = Fn/L(Fn) is relatively free; freely generated by the set
{x1, . . . , xn}, we obtain Gn/G
′
n
∼= Fn/L(Fn)F
′
n is an abelian relatively free group freely
generated by the set {x1G
′
n, . . . , xnG
′
n}. Thus Gn/G
′
n is either free abelian with basis
{x1G
′
n, . . . , xnG
′
n} and so, Fn/L(Fn)F
′
n has exponent zero, that is, L(Fn) ⊆ F
′
n and Gn
satisfies commutator laws, or it is the abelian group of exponent m every element of whose
basis {x1G
′
n, . . . , xnG
′
n} has order m for some m > 0. If Fn/L(Fn)F
′
n has exponent m then
xm ∈ L. Since Gn is torsion-free, we obtain Gn/G
′
n is a free abelian of rank n with basis
{x1G
′
n, . . . , xnG
′
n}. Thus τ2(Gn) = G
′
n. Our next result is about relative freeness of LK(Gn).
Theorem 5 The Lie algebra Ln is isomorphic to LK(Gn) via a Lie algebra isomorphism
sending ti to xiG
′
n, i = 1, . . . , n. In particular, LK(Gn) is relatively free Lie algebra; freely
generated by the set {x1G
′
n, . . . , xnG
′
n}.
Proof. Let σn be the natural mapping from Ln onto Ln sending ℓi to ti, i = 1, . . . , n. By the
proof of Theorem 4, we obtain kerσn is a fully invariant ideal of Ln. Let v ∈ kerσn ∩ L
m
n
for some m ≥ 2, and write v as a linear combination of Lie commutators [ℓi1 , . . . , ℓim ] i.e.
v =
∑
α(i1,...,im)[ℓi1 , . . . , ℓim ]. Thus σn(v) =
∑
α(i1,...,im)[ti1 , . . . , tim ] = 0. Therefore, for all c,∑
α(i1,...,im)[ti1(c), . . . , tim(c)] = 0 (as in proof of Theorem 4). That is,
∑
α(i1,...,im)[log xi1,c, . . . , log xim,c] = 0 (15)
in LK(Gn,c). By the BCH formula, we obtain
[log xi1,c, . . . , log xim,c] = log(xi1,c, . . . , xim,c) + u,
where u ∈ LK(γm+1(Gn,c)), and so, we have from (15)
∑
α(i1,...,im) log(xi1,c, . . . , xim,c) ∈ LK(γm+1(Gn,c)).
Using similar arguments as in the proof of Theorem 3, we obtain
∑
α(i1,...,im)[xi1,cG
′
n,c, . . . ,
xim,cG
′
n,c] = 0 in LK(Gn,c) for all c. But LK(Gn,c) is naturally isomorphic to LK(Gn,c).
By Theorem A (I), LK(Gn,c) is a relatively free nilpotent Lie algebra and so is LK(Gn,c).
So, v is an identity in each LK(Gn,c). Hence, v is an identity in the cartesian product
LK(Gn,1) × LK(Gn,2) × · · · therefore, v is an identity in lim←−
LK(Gn,c). Since LK(Gn,c) ∼=
LK(Gn)/γc+1(LK(Gn)), as Lie algebras, in a natural way, it is easily verified that the
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lim
←−
LK(Gn,c) is isomorphic, as a Lie algebra, to lim←−
LK(Gn)/γc+1(LK(Gn)). Thus v is an iden-
tity in lim
←−
LK(Gn)/γc+1(LK(Gn)). Since LK(Gn) is embedded into lim←−
LK(Gn)/γc+1(LK(Gn))
in a natural way, we have v is an identity in LK(Gn). Hence LK(Gn) ∈ V. By Proposition
3.4 and Lemma 3.2, LK(Gn) is generated by the set {x1G
′
n, . . . , xnG
′
n}. Let ϕ be the natural
epimorphism from Ln into LK(Gn) sending ti to xiG
′
n, i = 1, . . . , n. We claim that ϕ is
one-to-one. By Proposition 3.5, Ln/γc+1(Ln) is isomorphic as a Lie algebra to LK(Gn,c) via
an isomorphism ϕc+1 for all c. Thus
Ln/γc+1(Ln)
ϕc+1
∼= LK(Gn,c)
∼= LK(Gn,c)
∼= LK(Gn)/γc+1(LK(Gn))
for all c. Since Ln is residually nilpotent, i.e. ∩c≥1γc+1(Ln) = {0}, and for all c, Ln/γc+1(Ln) ∼=
LK(Gn)/γc+1(LK(Gn)), we obtain Ln is isomorphic as a Lie algebra to LK(Gn). By Theo-
rem 4, we obtain the Lie algebra LK(Gn) is relatively free. It is easily verified that the set
{x1G
′
n, . . . , xnG
′
n} freely generates LK(Gn). 
4 Proofs of Theorems A and B
4.1 Proof of Theorem A
(I) It follows from Proposition 3.2 and Theorem 3 that LK(Fn(Tc)) is relatively free in some
variety of nilpotent Lie algebras, and LK(Fn(Tc)) ∼= LK(Fn(Tc)) as Lie algebras in a natural
way. Write G = Fn(Tc), with n ≥ 2, freely generated by the set {y1, . . . , yn}. From the
proof of Theorem 3, G/G′ is free abelian group of rank n, and so, τ2(G) = G
′. Recall that
L(S)(G) = ⊕1≤i≤cL
(S)
i (G), where L
(S)
i (G) = γi(G)τi+1(G)/τi+1(G), i = 1, . . . , c. The additive
group of L(S)(G) is free abelian, LQ(G) = Q⊗ZL(S)(G) and L(S)(G) is a subset of LQ(G). By
Lemma 3.2, L(S)(G) is generated as a Lie ring by the set {y1G
′, . . . , ynG
′}. We give on LQ(G)
the structure of a group by means of BCH formula, denoted by R. (Notice that R = LQ(G)
as sets.) By Lemma 3.3, {y1G
′+LQ(G)
′, . . . , ynG
′+LQ(G)
′} is a Q-basis for LQ(G)/LQ(G)′.
Let H be the subgroup of R generated by the set {y1G
′, . . . , ynG
′}. (Notice that the identity
element of H is the zero element in LQ(G).) By Lemma 2.1, H is a torsion-free finitely
generated nilpotent group of class c and τ2(H) = H
′.
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Next we shall show that there is a group isomorphism
γi(H)/γi+1(H) ∼= γi(L
(S)(G))/γi+1(L
(S)(G)) (16)
for all i, with i = 1, . . . , c. (For the proof of the aforementioned isomorphism, we use some ar-
guments given in [19].) First we shall show that γc(H) = γc(L
(S)(G)). Every element of γc(H)
can be written as a product of group commutators (in the sense of the operation ◦) of length
c in the y1G
′, . . . , ynG
′. By the BCH formula, we may deduce that every group commutator
of length c in the y1G
′, . . . , ynG
′ lies in Lc,Q(G) (= Q⊗Z γc(G)). Since γc+1(L(S)(G)) = {0},
the multiplication of group commutators of length c in H is equal to their addition in the ring
L(S)(G). Hence it follows that γc(H) ⊆ γc(L
(S)(G)). Conversely, if u = u(y1G
′, . . . , ynG
′)
is a Lie commutator of length c in the y1G
′, . . . , ynG
′ then (since γc+1(L
(S)(G)) = {0}) it
is equal to the group commutator in the y1G
′, . . . , ynG
′ obtained from u by replacing the
operation on ring multiplication by the operation of commutation in the group H. Since
every element of γc(L
(S)(G)) is a linear combination with integer coefficients of Lie commu-
tators of length c in the y1G
′, . . . , ynG
′, we have the inverse inclusion γc(L
(S)(G)) ⊆ γc(H).
Therefore, we get γc(H) = γc(L
(S)(G)) = γc(G). Write G
(c−1) = G/τc(G). Thus G
(c−1) is
a relatively free nilpotent torsion-free group of rank n and class c − 1. It is easy to verify
that τi+1(G
(c−1)) = τi+1(G)/τi(G) for i = 1, . . . , c − 1. Since (G
(c−1))′ = G′/τc(G), we get
G(c−1)/(G(c−1))′ is a free abelian group of rank n. Moreover G(c−1) is generated by the set
{y1, . . . , yn}, where yi = yiτc(G), i = 1, . . . , n and τ2(G
(c−1)) = G′/τc(G) = (G
(c−1))′. Further
L(S)(G(c−1)) is free abelian, LQ(G
(c−1)) = Q ⊗Z L(S)(G(c−1)), and L(S)(G(c−1)) is regarded
as a subset of LQ(G
(c−1)). By Lemma 3.2, L(S)(G(c−1)) is generated as a Lie ring by the set
{y1(G
(c−1))′, . . . , yn(G
(c−1))′}. It is easy to check that {y1(G
(c−1))′, . . . , yn(G
(c−1))′} is a Z-
basis for G(c−1)/(G(c−1))′ and so, by Lemma 3.3, {y1(G
(c−1))′+LQ(G
(c−1))′, . . . , yn(G
(c−1))′+
LQ(G
(c−1))′} is a Q-basis for LQ(G(c−1))/LQ(G(c−1))′. As before, we give on LQ(G(c−1)) the
structure of a group by means of the BCH formula, denoted by R(c−1). Let H(c−1) be the
subgroup of R(c−1) generated by the set {y1(G
(c−1))′, . . . , yn(G
(c−1))′}. By Lemma 2.1, H(c−1)
is a torsion-free finitely generated nilpotent group and τ2(H
(c−1)) = (H(c−1))′. Using simi-
lar arguments as before, γc−1(H
(c−1)) = γc−1(L
(S)(G(c−1)). In the next few lines, we write
bi = yiG
′ and b
(c−1)
i = yi(G
(c−1))′, i = 1, . . . , n. As the group operation ◦ can be ex-
pressed in terms of the Lie algebra operation, the natural Lie algebra epimorphism αL from
LQ(G) onto LQ(G
(c−1)) induces a group epimorphism αH from H onto H
(c−1) such that
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αH(yiG
′) = αL(yiG
′) = yi(G
(c−1))′, i = 1, . . . , n. We claim that the kernel of αH , kerαH ,
is equal to γc(H). Since γc(H) = γc(L
(S)(G)) = γc(G) and γc(G) ⊆ kerαH , it is enough to
show that kerαH ⊆ γc(G). Let v ∈ kerαH and let µ be the smallest natural integer such that
v ∈ γµ(H) \ γµ+1(H). Write
v = (
∏
finite
(bi1 , . . . , biµ)
a(i1,...,iµ))v′(b1, . . . , bn),
where a(i1,...,iµ) ∈ Z and v
′(b1, . . . , bn) ∈ γµ+1(H). Since v ∈ kerαH , we obtain
(
∏
finite
(b
(c−1)
i1
, . . . , b
(c−1)
iµ
)a(i1,...,iµ))v′(b
(c−1)
1 , . . . , b
(c−1)
n ) = 0.
By the BCH formula,
∑
a(i1,...,iµ)[b
(c−1)
i1
, . . . , b
(c−1)
iµ
] ∈ γµ+1(LQ(G
(c−1))).
Since LQ(G
(c−1)) = ⊕1≤i≤c−1(Q ⊗ L
(S)
i (G
(c−1))) and, for t = 1, . . . , c − 1, γt(LQ(G
(c−1)) =
⊕i≥t(Q ⊗ L
(S)
i (G
(c−1))), we have
∑
a(i1,...,iµ)[b
(c−1)
i1
, . . . , b
(c−1)
iµ
] = 0
and so, ∑
a(i1,...,iµ)[bi1 , . . . , biµ ] ∈ kerαL,
where kerαL denotes the kernel of αL. Suppose that µ 6= c. Since kerαL = Q ⊗Z γc(G) and
LQ(G) is graded, we obtain
∑
a(i1,...,iµ)[bi1 , . . . , biµ ] = 0 (in LQ(G)).
Thus ∏
finite
(yi1 , . . . , yiµ)
a(i1,...,iµ) ∈ γµ+1(G).
Recall from the proof of Theorem 3 that η is the Lie algebra isomorphism from LQ(G) into
LQ(G) satisfying the conditions η(log yi) = yiG
′ for i = 1, . . . , n. Let ξη be the mapping
from the group expLQ(G) to the group R defined by ξη(exp u) = η(u) for all u ∈ LQ(G).
Since η is a Lie algebra homomorphism and the group operation ◦ is expressed in terms of
Lie commutators, we have ξη((exp u)(exp v)) = η(u) ◦ η(v) for all u, v ∈ LQ(G). It is easily
35
verified that ξη is a group isomorphism. But ξη(yi) = η(log yi) = bi for i = 1, . . . , n. Therefore
ξη(G) = H and so, for t = 1, . . . , c, ξη(γt+1(G)) = γt+1(H). Hence
∏
finite
(bi1 , . . . , biµ)
a(i1,...,iµ) ∈ γµ+1(H),
which is a contradiction. Therefore, µ = c and v ∈ γc(H) = γc(G). Hence kerαH ⊆ γc(G)
and kerαH = γc(G) = γc(H). Thus
γc−1(H
(c−1)) = γc−1(H)/γc(H) ∼= γc−1(L
(S)(G))/γc(L
(S)(G)).
Eventually we see that the isomorphism (16) holds for every i ≤ c. Since
γi(L
(S)(G))/γi+1(L
(S)(G)) ∼= γi(G)τi+1(G)/τi+1(G)
for i = 1, . . . , c, we obtain from (16) that H is Magnus. Since G ∼= H by means of ξη, we have
the required result.
(II) Since H ∼= Fn,c/kerτ and kerτ is fully invariant (by Proposition 3.3 (iii)), we
obtain H is relatively free of finite rank. Furthermore, since H is torsion-free nilpotent, we
obtain from (I) that H is Magnus. By Lemma 3.10, we obtain LQ(kerτ) ⊆ LQ(Fn,c)
′. By
Lemma 2.1 and (I), L ∼= LQ(H) ∼= LQ(H) as Lie algebras. 
Remark 4.1 Let L be a relatively free nilpotent Lie algebra over Q of finite rank n, with
n ≥ 2. Let {h1, . . . , hn} be a free generating set of L. Then {h1+L
′, . . . , hn+L
′} is a Q-basis
for L. Let y1, . . . , yn be elements of L such that the set {y1 + L
′, . . . , yn + L
′} is a Q-basis of
L. For each j, with j = 1, . . . , n,
hj =
n∑
i=1
αijyi + vi,
where vi ∈ L
′, i = 1, . . . , n, and αij ∈ Q. It is easily verified that L is generated by the
set {y1, . . . , yn}. Let ϕ be the map from L into L satisfying the conditions ϕ(hj) = yj, j =
1, . . . , n. Since L is relatively free on {h1, . . . , hn} and L is generated by the set {y1, . . . , yn},
ϕ extends uniquely to a Lie algebra epimorphism of L. Since ϕ induces a group automorphism
on L/L′ and L is nilpotent, it is easily checked that ϕ is an automorphism of L. Thus the set
{y1, . . . , yn} is a free generating set of L. Consider L as a group, denoted R, by means of the
BCH formula. Let H1 and H2 be the subgroups of R generated by the sets {h1, . . . , hn} and
{y1, . . . , yn}, respectively. By the proof of Theorem A (II) and since both H1 and H2 have
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rank n, we get H1 ∼= H2. Hence for a relatively free nilpotent Lie algebra of finite rank n
over Q, we associate (via BCH formula) a unique (up to isomorphism) relatively free Magnus
nilpotent group of rank n.
Proof of Corollary 1.1. Let G be a torsion-free finitely generated nilpotent
group of class c, and let K be a field of characteristic zero. By Lemma 3.7, we obtain
grad(ℓ)(LK(G)) ∼= LK(G) as Lie algebras in a natural way. Write RK(G) = expLK(G), and
give on LK(G) the structure of a group by means of the BCH formula. Then (LK(G), ◦) is
isomorphic to RK(G) by a group isomorphism sending u to expu for all u ∈ LK(G). Thus
exp γt(LK(G)) = γt(RK(G)) for t = 1, . . . , c. Form the direct sum of the abelian groups
grad(g)(RK(G)) = ⊕
c
t=1γt(RK(G))/γt+1(RK(G))
and give it the structure of a Lie algebra by defining a Lie multiplication
[uγi+1(RK(G)), vγj+1(RK(G))] = (u, v)γi+j+1(RK(G))
for u ∈ γi(RK(G)), v ∈ γj(RK(G)), i, j ∈ {1, . . . , c}. Extend this multiplication to
grad(g)(RK(G)) by linearity. Similarly, we form the direct sum of the abelian groups
grad(g)(LK(G)) = ⊕
c
t=1γt(LK(G))/γt+1(LK(G))
and give it the structure of a Lie algebra. Since (LK(G), ◦) ∼= RK(G) as groups, we have
grad(g)(RK(G)) ∼= grad
(g)(LK(G))
as Lie algebras in a natural way. Let {a1, . . . , af(c+1)} be a canonical basis for G. Then the set
{log a1, . . . , log af(c+1)} is a K-basis of LK(G). By Lemma 3.5 and the proof of Lemma 3.6,
γt(LK(G))/γt+1(Lt+1(G)) has a K-basis the set {log af(c+1) + γt+1(LK(G)), . . . , log af(c+1)+
γt+1(LK(G))}. Using the BCH formula,
(λ1 log af(t)+1 + · · ·+ λnt log af(t+1)) + γt+1(LK(G)) =
(λ1 log af(t)+1 ◦ · · · ◦ λnt log af(t+1)) ◦ γt+1(LK(G))
(as sets). Therefore every element of (LK(G), ◦) is written uniquely as λ1 log a1 ◦ · · · ◦
λf(c+1) log af(c+1), where λ1, . . . , λf(c+1) ∈ K. Hence
grad(g)(LK(G)) = grad
(ℓ)(LK(G))
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as Lie algebras. Since (LK(G)), ◦) ∼= RK(G), we have every element of RK(G) is written
uniquely as exp(λ1 log a1) · · · exp(λf(c+1) log af(c+1)) with λ1, . . . , λf(c+1) ∈ K and so,
grad(g)(RK(G)) ∼= grad
(ℓ)(LK(G))
as Lie algebras in a natural way. Since grad(ℓ)(LK(G)) ∼= LK(G) (as Lie algebras), we have
grad(g)(RK(G)) ∼= LK(G) as Lie algebras in a natural way.
(II) Suppose that G is relatively free. By Theorem 3, we obtain LK(G) ∼= LK(G)
as Lie algebras and so, by (I), LK(G) ∼= grad
(g)(expLK(G)).
Remark 4.2 It is easy to verify that
K ⊗Q grad
(g)(expLQ(G)) ∼= grad
(g)(expLK(G)).
as Lie algebras, whereK is a field of characteristic zero. For K = R, expLR(G) is a real simply
connected Lie group whose rational Lie algebra is LQ(G). Moreover, if {a1, . . . , af(c+1)} is a
canonical basis of G, then every element of expLR(G) is written uniquely as
exp(λ1 log a1) · · · exp(λf(c+1) log af(c+1))
with λ1, . . . , λf(c+1) ∈ R. Next, we recall a standard procedure of a construction of a Lie
group from a finite-dimensional nilpotent Lie algebra L over Q. Let b1, . . . , bn ∈ L such that
the set {b1+L
′, . . . , bn+L
′} is a Q-basis of L/L′. Give on L the structure of a group via the
BCH formula. Let H be the subgroup of (L, ◦) generated by the set {b1, . . . , bn}. Then (L, ◦)
is a Mal’cev completion of H, and (R⊗QL, ◦) is a real simply connected Lie group containing
H as a discrete subgroup with rational Lie algebra L.
Proof of Corollary 1.2. Let G1, G2 be torsion-free finitely generated nilpotent
groups which are quasi-isometric. By Remark 4.2, expLR(Gj), with j = 1, 2 is a real simply
connected Lie group whose rational Lie algebra is LQ(Gj). It follows from a result of Pansu
[17, Theorem 3] that
grad(g)(expLR(G1)) ∼= grad
(g)(expLR(G2))
as Lie algebras. Suppose that Gj (j = 1, 2) is a relatively free group of finite rank. By
Theorem A (I), Gj is a Magnus group, with j = 1, 2. By Proposition 3.2 and Theorem 3,
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LR(Gj) is relatively free and LR(Gj) ∼= LR(Gj) as Lie algebras for j = 1, 2. By Corollary
1.1, LR(G2) ∼= LR(G1) as Lie algebras. Hence both G2 and G1 have the same finite rank
n and nilpotency class c, and γi(G2)/γi+1(G2) ∼= γi(G1)/γi+1(G1), i = 1, . . . , c. Let Fn,c
be the free nilpotent group of rank n and class c; freely generated by the set {x1, . . . , xn}.
For j = 1, 2, let {y1j , . . . , ynj} be a free generating set for Gj . Furthermore, we write πj
for the natural group epimorphism from Fn,c onto Gj such that πj(xi) = yij, i = 1, . . . , n.
Thus Gj ∼= Fn,c/kerπj , with j = 1, 2. By Lemma 3.4 and the proof of Theorem 3, the set
{log y1j, . . . , log ynj} is a free generating set for LQ(Gj). We claim LQ(G2) ∼= LQ(G1) as Lie
algebras. To get a contradiction we assume that LQ(G2) ≇ LQ(G1), and let w be a word
(for Lie algebras over Q) such that w(log y11, . . . , log yn1) = 0 and w(log y12, . . . , log yn2) 6= 0.
Since LR(Gj) = R ⊗Q LQ(Gj), j = 1, 2, and LR(G1) ∼= LR(G2) (as Lie algebras), we obtain
w is an identity in LR(G2) which is a contradiction. Since both LQ(G1) and LQ(G2) are
relatively free of finite rank n in the same variety, we get LQ(G1) ∼= LQ(G2). Since, G1 and
G2 are relatively free, in order to prove that G1 is isomorphic to G2, it is enough to show
that kerπ1 ⊆ kerπ2. Let w˜ ∈ kerπ1 ⊆ F
′
n,c. By Lemma 3.9 (for M = G1), the natural
epimorphism π1 gives rise a Lie algebra homomorphism ψπ1 from LQ(Fn,c) into LQ(G1) such
that ψπ1(log u) = log π1(u) for all u ∈ kerπ1. Thus ψπ1(log w˜) = 0 and so, log w˜ ∈ LQ(kerπ1).
Thus
log w˜ = w˜2 + · · ·+ w˜c,
where w˜t ∈ LQ(kerπ1) ∩ Lt(Fn,c) (by Lemma 3.11) for t = 2, . . . , c. By Proposition 3.1,
w˜2, . . . , w˜c are identities in LQ(G1). Since LQ(G1) ∼= LQ(G2), we have w˜2, . . . , w˜c are iden-
tities for LQ(G2) as well. Therefore w˜t ∈ LQ(kerπ2) ∩ Lt(Fn,c) for t = 2, . . . , c. Hence
log w˜ ∈ LQ(kerπ2). Thus ψπ2(log w˜) = 0 and so, w˜ ∈ kerπ2. Therefore, there exists a group
epimorphism from G1 onto G2. Since γi(G1)/γi+1(G1) ∼= γi(G2)/γi+1(G2), i = 1, . . . , c, we
obtain G1 ∼= G2. 
4.2 Proof of Theorem B.
(I) It has been proved in Theorems 4 and 5.
(II) Let L be a relatively free Lie algebra over Q of rank n, with n ≥ 2. If
L is nilpotent, then our claim follows from Theorem A (II). Thus we assume that L is
not nilpotent. Let V be a variety of Lie algebras such that L is relatively free of rank n.
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Therefore L ∼= Ln/V(Ln), where Ln is the absolutely free Lie algebra freely generated by the
set {ℓ1, . . . , ℓn}. Without loss of generality, we may write L = Ln/V(Ln). Let yi = ℓi+V(Ln),
i = 1, . . . , n. Thus the set {y1, . . . , yn} is a free generating set of L. For a positive integer m,
let Lmn be the subspace of Ln spanned by all Lie commutators of total degree m in ℓ1, . . . , ℓn.
Since Q is infinite, Ln ∩ V(Ln) = ⊕m≥1(Lmn ∩ V(Ln)). Thus we may write L as a sum of
homogeneous components, L = ⊕m≥1L
m, where Lm ∼= Lmn /(L
m
n ∩ V(Ln)) and L
m is the
subspace of L spanned by all Lie commutators of total degree m in y1, . . . , yn. Each element
u of L may be uniquely written in the form u =
∑
m≥1 um with um ∈ L
m for all m and
um = 0 for all but finitely many m. Furthermore, for c ≥ 1, γc(L) = ⊕m≥cL
m. We write
L(c) = L/γc+1(L), and yi,c = yi + γc+1(L), i = 1, . . . , n. Since L is relatively free, then
L(c) is a relatively free nilpotent Lie algebra of rank n and class c with a free generating set
{y1,c, . . . , yn,c}. Notice that {y1,c + L(c)
′, . . . , yn,c + L(c)
′} is a basis of L(c)/L(c)′. Give on
L(c) the structure of a group, denoted by Rc, by means of the BCH formula, and let Yc be
the subgroup of Rc generated by the set {y1,c, . . . , yn,c}. By Theorem A (II), Yc is a finitely
generated Magnus nilpotent group of class c. By the BCH formula, γc(L(c)) is spanned by all
group commutators (yi1,c, . . . , yic,c) with i1, . . . , ic ∈ {1, . . . , n}. For positive integers c and d,
with c ≤ d, let ρc,d be the natural Lie algebra epimorphism from L(d) onto L(c) sending yi,d
to yi,c for i = 1, . . . , n. As the group operation in Yc (for all c) can be expressed in terms of the
Lie algebra operations, ρc,d induces a group homomorphism, say ρ˜c,d, from Yd onto Yc such
that ρ˜c,d sends yi,d to yi,c for i = 1, . . . , n. It is clearly enough that Yd/γd(Yd) ∼= Yd−1. Since
γd(L(d)) is spanned by all group commutators (yi1,d, . . . , yid,d), with i1, . . . , id ∈ {1, . . . , n},
and kerρ(d−1),d = γd(L(d)), we obtain γd(Yd) ⊆ kerρ˜(d−1),d. Since Yd/kerρ˜(d−1),d ∼= Yd−1 and
each Yd is torsion-free finitely generated nilpotent, we get the kernel of ρ˜(d−1),d is equal to
γd(Yd) for all d ≥ 2.
Let L̂ = lim
←−
L(c) be the completion of L with respect to the lower central series.
(lim
←−
L(c) may be identified with the complete (unrestricted) direct sum ⊕̂m≥1L
m, and it has
a natural Lie algebra structure.) Moreover, L is naturally contained in L̂. Give on L̂ the
structure of a group, denoted by R̂, via the BCH formula. That is, R̂ = (L̂, ◦) = lim
←−
R(c).
Let H be the subgroup of R̂ generated by the set {y1, . . . , yn}. Notice that, for i = 1, . . . , n,
yi = (yi,1, yi,2, . . .),
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and, for i, j ∈ {1, . . . , n},
yi ◦ yj = (yi,1 ◦ yj,1, yi,2 ◦ yj,2, · · · ).
Moreover, H ⊆
∏
c≥1 Yc, and it is easy to verify that H = lim←−
(Yc, ρ˜c,d).
Let Fn be a free group of rank n, with n ≥ 2, freely generated by the set
{f1, . . . , fn}. We write Fn,c for the free nilpotent group of rank n and class c; freely gen-
erated by the set {x1, . . . , xn}, with xi = fiγc+1(Fn), i = 1, . . . , n. Let αc be the natural
epimorphism from Fn,c onto Yc sending xi to yi,c, i = 1, . . . , n. Then Fn,c/kerαc ∼= Yc via
an isomorphism α˜c induced by αc, and kerαc is a fully invariant subgroup of Fn,c. Let πc be
the natural epimorphism from Fn onto Fn,c sending f to fγc+1(Fn) for all f ∈ Fn, and let
δc = αcπc. Thus Fn/kerδc ∼= Yc by an isomorphism δ˜c induced by δc. The group kerδc is a
fully invariant subgroup of Fn since Yn is a relatively free group. So we have
Fn Fn,c
Yc Yd
✲πc
❅
❅
❅❅❘
δc
❄
αc
✛eρc,d
Denote hi,c = fikerδc with i = 1, . . . , n. Notice that δ˜c(hi,c) = δc(fi) = yi,c for i = 1, . . . , n.
Let c ≤ d, and let w(f1, . . . , fn) ∈ kerδd. Then δd(w(f1, . . . , fn)) = w(y1,d, . . . , yn,d) = 1Yd .
Since ρ˜c,d is a group homomorphism, we have w(y1,c, . . . , yn,c) = 1Yc and so, kerδd ⊆ kerδc.
Set ψc,d = (δ˜c)
−1ρ˜c,dδ˜d.
Fn/kerδd Yd
Fn/kerδc Yc
✲
eδd
❄
ψc,d
❄
eρc,d
✲
eδc
It is clearly enough that ψc,d(xkerδd) = xkerδc for all x ∈ Fn. In particular,
ψc,d(hi,d) = hi,c for i = 1, . . . , n.
For the rest of the proof, we identify Yc with Fn/kerδc under the group iso-
morphism δ˜c. In the light of this identification, yi,c = hi,c and yi = (h1,c, h2,c, . . .) with
i = 1, . . . , n. Moreover H = lim
←−
(Fn/kerδc, ψc,d). Throughout the proof we use both Yc and
Fn,c/kerδc without making any distinction. We claim that H is a relatively free residually
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torsion-free nilpotent group of rank n. First we shall show that H is relatively free of rank
n. Let ϑn be the natural homomorphism from Fn into H sending w = w(f1, . . . , fn) to
(wkerδ1, wkerδ2, . . .). Since H is generated by the set {y1, . . . , yn}, we have Fn/(∩kerδc) ∼= H
by the isomorphism ϑ˜n induced by ϑn. SetM = ∩kerδc. SinceM is a fully invariant subgroup
of Fn, we obtain H is relatively free of rank n.
Let u = u(y1, . . . , yn) ∈ H. Since H is generated by the set {y1, . . . , yn}, u is
written as u = ya1i1 · · · y
aκ
iκ
with a1, . . . , aκ ∈ Z and i1, . . . , iκ ∈ {1, . . . , n}. Then
u = u(y1, . . . , yn) = (u(h1,1, . . . , hn,1), . . . , u(h1,c, . . . , hn,c), . . .).
Notice that u(h1,c, . . . , hn,c) ∈ Yc for all c and, for c ≤ d, ψc,d(u(h1,d, . . . , hn,d)) = u(h1,c, . . . , hn,c).
Suppose that ya11 · · · y
an
n ∈ H
′ for some a1, . . . , an ∈ Z. Then ha11,1 · · · h
an
n,1 ∈ Y
′
1 . Since
Y1/Y
′
1 is free abelian, we obtain H/H
′ is a free abelian group of rank n. Suppose that
γs(H) = γs+1(H) for some s. Then (yi1 , . . . , yis) ∈ γs+1(H) for all i1, . . . , is ∈ {1, . . . , n}.
Then (hi1,s, . . . , his,s) = 1Ys for all i1, . . . , is ∈ {1, . . . , n}. Since Ys is freely generated by the
set {h1,s, . . . , hn,s}, we obtain Ys has nilpotency class s−1 which is a contradiction. Therefore
γs(H) 6= γs+1(H) for all s and so, there are no repetitions of terms of the lower central series
of H.
Our next step is to prove that H is residually torsion-free nilpotent. For a positive
integer c, let ζc be the natural epimorphism from Fn/M onto Yc. (That is, ζc(wM) = wkerδc
for all w ∈ Fn.) For c ≤ d, it is easily verified that ψc,dζd(fM) = ζc(fM) for all f ∈ Fn.
Write ζ˜c = ζc(ϑ˜n)
−1. Thus ζ˜c(yi) = hi,c for i = 1, . . . , n. Let Nc = H/γc+1(H). The
group Nc has nilpotency class c since γs(H) 6= γs+1(H) for all s. Let βc be the natural
epimorphism from Fn,c onto Nc such that βc(xi) = yi, where yi = yiγc+1(H) i = 1, . . . , n.
Since Fn,c/F
′
n,c
∼= Yc/Y
′
c
∼= Nc/N
′
c, we obtain both kerαc and kerβc are subgroups of F
′
n,c.
Fn,c Yc
Nc
❄
βc
✲αc
♣
♣
♣
♣
♣
♣
♣
♣✒
ξc
We claim that kerβc ⊆ kerαc. Let v = v(x1, . . . , xn) ∈ kerβc. Then βc(v) = v(y1, . . . , yn) =
1Nc or, equivalently, v(y1, . . . , yn) ∈ γc+1(H). Thus v(h1,q, . . . , hn,q) ∈ γc+1(Yq) for all q.
Hence v(h1,c, . . . , hn,c) = 1Yc and so, v = v(x1, . . . , xn) ∈ kerαc. Therefore kerβc ⊆ kerαc.
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Let γc be the natural epimorphism from Fn,c/kerβc onto Fn,c/kerαc. Moreover, we write
ξc = α˜cγcβ˜
−1
c , where α˜c and β˜c are the isomorphisms induced by αc and βc respectively.
Fn,c/kerβc Nc
Fn,c/kerαc Yc
✲
eβc
❄
γc
❄
ξc
✲eαc
It is easily verified that ξc(v(y1, . . . , yn)γc+1(H)) = v(y1,c, . . . , yn,c) for v(y1, . . . , yn) ∈ H. Let
u = u(y1, . . . , yn) ∈ τc+1(H). Then there exists m ∈ N and v ∈ γc+1(H) such that um = v.
By applying ξc, we have
1Yc = ξc(u
mγc+1(H))
= ξc(uγc+1(H))
m
= u(y1,c, . . . , yn,c)
m.
Since Yc is torsion-free, we get u(y1,c, . . . , yn,c) = 1Yc and so, uγc+1(H) ∈ kerξc. Since τ(Nc) =
τc+1(H)/γc+1(H), we obtain τ(Nc) ⊆ kerξc. Let w = w(y1, . . . , yn) ∈ ∩c≥1τc+1(H). Then
w ∈ τc+1(H) for all c and so, w(y1,c, . . . , yn,c) = 1Yc for all c. Hence w is a law in
∏
c≥1 Yc.
Since H ≤
∏
c≥1 Yc, we have w is a law in H and so, w = 1H . Therefore H is a residually
torsion-free nilpotent group.
Finally we show the last part of Theorem B (II). By Theorem A (II), we have
L(c) ∼= LQ(Yc) for all c via an isomorphism λc, say, sending yi,c to log hi,c for i = 1, . . . , n.
As in the proof of Lemma 3.12, there exists a Lie algebra epimorphism ξψc,d , with c ≤ d,
from LQ(Yd) onto LQ(Yc) such that ξψc,d(log(fkerδd)) = log(fkerδc) for all f ∈ Fn. Form the
inverse limit of the family (LQ(Yc), ξψc,d), lim←−
LQ(Yc), and define a mapping
λ : L̂→ lim
←−
LQ(Yc),
as follows:
λ(u1 + L
′, (u1 + u2) + γ3(L), . . .) = (λ1(u1 + L
′), λ2((u1 + u2) + γ3(L)), . . .),
where ui ∈ γi(L) for all i. It is easily verified that λ is a Lie algebra monomorphism. Let
v = (v1, v2, . . .) ∈ lim←−
LQ(Yc). Thus ξψc,d(λd(ud)) = vc for some ud ∈ L(d). We claim that
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(u1, u2, . . .) ∈ L̂. Since ξψc,dλd = λcρc,d
L(d) L(c)
LQ(Yd) LQ(Yc)
❄
λd
✲
ρc,d
❄
λc
✲
ξψc,d
for all c ≤ d and λc is 1− 1, we obtain ρc,d(ud) = uc. Hence the Lie algebra monomorphism
λ is onto and so, λ is a Lie algebra isomorphism.
For i, i = 1, . . . , n, let
t′i = (log hi,1, log hi,2, . . . , log hi,c, . . .) ∈ lim←−
LQ(Yc),
and let ΛQ(H) be the Lie subalgebra of lim←−
(LQ(Yc), ξψc,d) generated by the set
{t′1, . . . , t
′
n}. Since L is residually nilpotent, L is embedded into L̂ via a Lie algebra monomor-
phism λ′, say, sending yi to (yi + L
′, yi + γ3(L), . . .) for i = 1, . . . , n. Since λ is a Lie algebra
isomorphism, we obtain L is isomorphic to ΛQ(H) via λλ
′. Let Ln be the free Lie algebra
freely generated by the set {ℓ1, . . . , ℓn}. By the proof of Theorem 4 (for Gn = H), we have
L(H) ∼= Ln/kerσn. Furthermore, by applying the proof of Theorem 4 for LQ(Yc) (for all
c), we obtain ΛQ(H) ∼= Ln/kerσ
′
n. To prove that ΛQ(H) is a homomorphic image of L(H),
it is enough to show that kerσn ⊆ kerσ
′
n. Since H/τc+1(H) is mapped onto Yc via an epi-
morphism induced by ξc, we have LQ(H/τc+1(H)) is mapped onto LQ(Yc) via a Lie algebra
epimorphism sending log(yiτc+1(H)) to log hi,c for all i. Let v = v(ℓ1, . . . , ℓn) ∈ kerσn. Then
v(log(y1τc+1(H)), . . . , log(ynτc+1(H))) = 0 for all c (see the proof of Theorem 4). Hence
v(log h1,c, . . . , log hn,c) = 0 for all c and so, v = v(ℓ1, . . . , ℓn) ∈ kerσ
′
n (by similar arguments
as in the proof of Theorem 4). Therefore ΛQ(H) is a homomorphic image of L(H). 
5 An Example
We shall give an example of a finitely generated Magnus nilpotent group G, not relatively
free, such that LQ(G) is not isomorphic to LQ(G) as Lie algebra. We modify (and analyze)
an example of a finitely generated nilpotent Lie algebra given in [2, page 210]. Let L4 be a
free Lie algebra of rank 4; freely generated by the set {ℓ1, . . . , ℓ4}. Let L4,3 = L4/γ4(L4) and
let xi = ℓi+ γ4(L4), i = 1, . . . , 4. Thus L4,3 is a free nilpotent Lie algebra of rank 4 and class
3 with a free generating set {x1, . . . , x4}. Set v = [x1, x2] + [x3, x4, x3], and write L = L4,3/I,
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where I is the ideal of L4,3 generated by v. It is easily verified that every element of I has
the form
a([x1, x2] + [x3, x4, x3]) +
4∑
i=1
ai[x1, x2, xi],
where a, ai ∈ Q, i = 1, . . . , 4. For i = 1, . . . , 4, let yi = xi + I. Then [y1, y2] = −[y3, y4, y3] ∈
γ3(L) and [y1, y2, yi] = 0 with i = 1, . . . , 4. Since I is a proper subset of L
′
4,3, we obtain L
is not abelian, and the set {yi + L
′; i = 1, . . . , 4} is a Q-basis of L/L′. Since L is finitely
generated nilpotent Lie algebra and dim(L/L′) = 4, we obtain L is generated by the set
{y1, . . . , y4}. Suppose that L is relatively free. Since dim(L/L
′) = 4 and L is nilpotent, it is
easily verified that the set {y1, . . . , y4} freely generates L. Then [y1, y2] = [y3, y4, y3] = 0 and
so, [x1, x2] ∈ I which is not valid. Thus L is not relatively free.
Give on L the structure of a group, denoted R, by means of the BCH formula.
That is, for x, y ∈ L,
x ◦ y = x+ y +
1
2
[x, y] +
1
12
[x, y, y]−
1
12
[x, y, x]. (17)
Recall that 0 is the unit of R and −x is the inverse of x with respect to the group operation
◦. Let H be the subgroup of R generated by the set {yi; i = 1, . . . , 4}. For u, v ∈ H,
(u, v) = [u, v] +
1
2
[u, v, u] +
1
2
[u, v, v]. (18)
Thus
(y1, y2) = (y3, y4, y3)
−1.
By Lemma 2.1, τ2(H) = H
′, and so, H/H ′ is free abelian of rank 4. By (17), for α ∈ Z and
u, v ∈ H, (u, v)α = α(u, v). By (18), we obtain
(u, v)α = α[u, v] +
α
2
[u, v, v] +
α
2
[u, v, u]. (19)
Suppose that
2∏
i=1
(y3, yi)
αi
3∏
j=1
(y4, yj)
βj ∈ γ3(H),
where αi, βj ∈ Z, i = 1, 2 and j = 1, 2, 3. Since γ3(H) is generated by the elements of the
form (yi, yj, yk) with i, j, k ∈ {1, . . . , 4}, we obtain from (19) and the form of elements of I
that
a[x1, x2] +
2∑
i=1
αi[x3, xi] +
3∑
j=1
βj [x4, xj ] ∈ γ3(L4,4),
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for a ∈ Q. Since L4,3 is a free nilpotent Lie algebra, we have αi = 0 (i = 1, 2) and βj = 0
(j = 1, 2, 3). Therefore H ′/γ3(H) is torsion-free. Finally, it is easily shown that γ3(H) is
torsion-free. Thus H is a Magnus group. Suppose to a contrary that H is relatively free.
Then, by Theorem A (I), LQ(H) is relatively free. Since both R and expLQ(H) are Mal’cev
completions of H, we obtain R ∼= expL(H) as groups and so, L ∼= LQ(H) as Lie algebras.
That is, L is relatively free which a contradiction, and so, H is not relatively free. Suppose
that there exists a Lie algebra isomorphism ζ from LQ(H) into L. By Lemma 3.2, LQ(H) is
generated by the set {y1H
′, . . . , y4H
′}. Write ζ(yiH
′) = zi, i = 1, . . . , 4. Since
[y1H
′, y2H
′] = (y1, y2)γ3(H) = 0 in LQ(H),
we have [z1, z2] = 0 in L. For i = 1, 2,
zi =
4∑
j=1
αjiyj +
∑
κ 6=2
1≤ℓ<κ≤4
βκℓi[yκ, yℓ] + vi,
where vi ∈ γ3(L). Since {z1+L
′, z2+L
′} is linearly independent, we obtain αµ1αν2−αν1αµ2 6=
0 for some µ, ν ∈ {1, . . . , 4} with µ 6= ν. Since [y1, y2] + [y3, y4, y3] = 0, and working with a
basis of L consisting of ”basic commutators”, we obtain the following equations
α11α22 − α12α21 = −α32β431 + α31β432
α11α32 − α12α31 = 0
α11α42 − α12α41 = 0
α21α32 − α22α31 = 0
α21α42 − α22α41 = 0
α31α42 − α32α41 = 0
α41β432 − α42β431 = 0
Thus α11α22 − α12α21 6= 0. Therefore α11α22 6= 0 or α12α21 6= 0. Suppose that α11α22 6=
0. If α12α31 6= 0 then α11α32 6= 0 and so
α11
α12
= α31α32 . Furthermore
α21
α22
= α31α32 . Hence
α11α22 − α12α21 = 0 which is a contradiction. If α12α31 = 0 then α12 = 0 or α31 = 0. Since
α11 6= 0 we get α32 = 0. Then α22α31 = 0 and so α13 = α32 = 0 which is a contradiction.
Similar arguments may be applied if α12α21 6= 0. Therefore we obtain L is not isomorphic to
LQ(H) as Lie algebras.
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